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Abstract: Using several arguments, some authors showed that the number
of non-isometric triangles inscribed in a regular n-gon equals {n2/12}, where
{x} is the nearest integer to x. In this paper, we take back the same prob-
lem, but concerning the number of ordered and non-ordered non-isometric
convex quadrilaterals, for which we give simple closed formulas, using Parti-
tion Theory. The paper is complemented by a study of two further kinds of
quadrilaterals called proper and improper non-isometric convex quadrilater-
als, which allows to give a connecting formula between the number of triangles
and ordered quadrilaterals, which can be considered as a new combinatorial
interpretation of certain identity in Partition Theory.

Keywords: Ordered parallel machines, multipurpose machines, complexity,
heuristic, branch and bound.



2 N. BENYAHIA TANI, Z. YAHI, S. BOUROUBI

1 Introduction

In the 1938’s, Norman Anning from university of Michigan proposed the following problem [6]:
”From the vertices of a regular n-gon three are chosen to be the vertices of a triangle. How
many essentially different possible triangles are there?”. For any given positive integer
n ≥ 3, let ∆ (n) denotes the number of such triangles.

Using a geometric argument, the solution proposed by J.S. Frame, from Brown university,
shown that ∆ (n) = {n2/12}, where {x} is the nearest integer to x. After that, other
solutions were proposed by some authors, such as F. C. Auluck, from Dyal Singh college
[2].

In 1978 Richard H. Reis, from the Southeastern Massachusetts university posed the fol-
lowing natural general problem: From the vertices of a regular n-gon k are chosen to be
the vertices of a k-gon. How many incongruent convex k-gons are there?

Let us first precise that two k-gons are considered congruent if they are coincided at the
rotation of one relatively other along the n-gon and (or) by reflection of one of the k-gons
relatively some cord, that what we call non-isometric k-gons.

For any given positive integers 2 ≤ k ≤ n, let R (n, k) denotes the number of such k-gons.
In 1979 Hansraj Gupta [5] gave the solution of Reis’s problem, using the Möbius inversion
formula.

Theorem 1

R (n, k) =
1

2

(⌊n−hk

2

⌋⌊
k
2

⌋ )+
1

2k

∑
d/ gcd(n,k)

ϕ (d)

(n
d
− 1

k
d
− 1

)
,

where hk ≡ k (mod 2) and ϕ(n) the Euler function.

One can find the first values of R(n, k) in the Online Encyclopedia of Integer Sequences
(OEIS) [7] as A004526 for k = 2, A001399 for k = 3, A005232 for k = 4 and A032279 for
k = 5.

The immediate consequence of both Gupta’s and Frame’s Theorems is the following iden-
tity: {

n2

12

}
=

1

2

⌊
n− 1

2

⌋
+

1

6

(
n− 1

2

)
+

χ(3/n)

3
,

where χ(3/n) = 1 if n ≡ 0 (mod 3), 0 otherwise.

In 2004 V.S. Shevelev gave a short proof of Theorem 1, using a bijection between the set
of convex polygons with the tops in the n-gon splitting points and the set of all (0,1)-
configurations with the elements in these points [8].

The aim of this paper is to enumerate the number of two kinds of non-isometric convex

http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A004526
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A001399
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A005232
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A032279
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quadrilaterals, inscribed in a regular n-gon, the ordered ones which have the sequence of
their sides’s sizes ordered, denoted by RO (n, 4) and those which are non-ordered denoted
by RO (n, 4), using the Partition Theory. As an example, let us consider the following
figure showing three quadrilaterals inscribed in a regular 12-gon, the first is not convex, the
second is ordered while the third is not. Observe that the second quadrilateral generates
1+1+3+3 as partition of 8 in four parts, that is why it is called ordered.
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Figure 1

2 Notations and preliminaries

We denote by Gn a regular n-gon and by N the set of nonnegative integers. The partition
of n ∈ N into k parts is a tuple π = (π1, . . . , πk) ∈ N

k, k ∈ N, such that

n = π1 + · · ·+ πk, 1 ≤ π1 ≤ · · · ≤ πk,

where the nonnegative integers πi are called parts. We denote the number of partitions of
n into k parts by p(n, k), the number of partitions of n into parts less than or equal to k by
P (n, k) and by q(n, k) we denote the number of partitions of n into k distinct parts. We
sometimes write a partition of n into k parts π = (πf1

1 , . . . , πfs
s ), where

∑s
i=1 fi = k, the

value of fi is termed as frequency of the part πi. Let m ∈ N, m ≤ k, we denote cm(n, k)
the number of partitions of n into k parts π = (πf1

1 , . . . , πfs
s ) for which 1 ≤ fi ≤ m and

fj = m for at least one j ∈ {1, . . . , s}. For example c2(12, 4) = 10, the such partitions are
1128, 1137, 1146, 1155, 1227, 1335, 1344, 2235, 2244, 2334. Let δ(n) ≡ n (mod 2), so
δ(n) = 1 or 0, �x� the integer part of x and finally {x} the nearest integer to x.

3 Main results

In this section we give the explicit formulas of RO (n, 4) and RO (n, 4).

Theorem 2 For n ≥ 4,

RO (n, 4) =

{
n3

144
+

n2

48
− nδ(n)

16

}
·
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Proof. First of all, notice that

RO (n, 4) = p(n, 4). (1)

Indeed, each ordered convex quadrilateral ABCD inscribed in Gn can be viewed as a
quadruplet of integers (x, y, z, t), abbreviated for convenience, as a word xyzt, such that:{

n− 4 = x + y + z + t;

0 ≤ x ≤ y ≤ z ≤ t,
(2)

where x, y, z and t represent the number of vertices between A and B, B and C, C and
D and finally between D and A, respectively. It should be noted, that the number of
solutions of System (2) equals p(n, 4), by setting x′ = x + 1, y′ = y + 1, z′ = z + 1 and
t′ = t + 1.

Now, let g(z) be the known generating function of p(n, 4) [3]:

g (z) =
z4

(1− z) (1− z2) (1− z3) (1− z4)
·

From expanding g(z) in partial fractions, we obtain

g(z) =
1

32 (1 + z)2 −
13

288 (1− z)2 −
1

24 (1− z)3 +
1

24 (1− z)4 +
1− z2

8 (1− z4)
− 1− z

9 (1− z3)
·

Via straightforward calculations, it can be proved that

g (z) =
∑
n≥0

(
(−1)n (n + 1)

32
− 13 (n + 1)

288
− (n + 1) (n + 2)

48
+

(
1 + 11

6 n + n2 + 1
6n3
)

24
+ ε (n)

)
zn,

where ε (n) ∈ {−17
72 ,−1

8 ,−1
9 ,− 1

72 , 0, 1
72 , 1

9 , 1
8 , 17

72

} ·
Thus, we have

g (z) =
∑
n≥0

(
n3

144
+

n2

48
+

((−1)n − 1) n

32
+ β (n)

)
zn,

where β (n) ∈ {− 5
16 ,−1

4 ,− 29
144 ,− 3

16 ,− 5
36 ,−1

8 ,− 13
144 ,− 11

144 ,− 1
16 ,− 1

36 ,− 1
72 , 0, 5

144 , 7
144 , 1

9 , 23
144 , 2

9 , 7
72

} ·
Since p (n, 4) is an integer and |β (n)| < 1/2, we get

p (n, 4) =
{

n3

144
+

n2

48
+

((−1)n − 1) n

32

}
· (3)

Hence, the result follows.

Remark 3 G.E. Andrews and K. Eriksson said that the method used in the proof above
dates back to Cayley and MacMahon [1, p. 58]. Using the same method [1, p. 60], they
proved the following formula for P (n, 4):

P (n, 4) =

{
(n + 1) (n2 + 23n + 85)

144
− (n + 4)

⌊
n+1

2

⌋
8

}
·
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Because p(n, k) = P (n− k, k) (see for example [4]), it follows:

p (n, 4) =

{
n3

144
+

n2

12
− n

8
− n

⌊
n−1

2

⌋
8

}
· (4)

Note that the formula (3) seems quite simple than (4).

To give an explicit formula for RO (n, 4) we need the following lemma.

Lemma 4 For n ≥ 4,

c2 (n, 4) = p (n, 4)− q (n, 4)−
⌊

n− 1

3

⌋
.

Proof. By definition of cm (n, k) in section 2, it easily follows that

c2 (n, 4) = p (n, 4)− (q (n, 4) + c3 (n, 4) + χ(4/n)) ,

where χ(4/n) = 1 if n ≡ 0 (mod 4), 0 otherwise.

Furthermore, c3(n, 4) can be considered as the number of integer solutions of the equation:

3x + y = n, with 1 ≤ y �= x ≥ 1.

Since x �= y, the solution x = y = n/4, when 4 divides n, must be removed. Then, by
taking y = 1, one can get c3(n, 4) =

⌊
n−1

3

⌋− χ(4|n). This completes the proof.

Now we can derive the following theorem.

Theorem 5 For n ≥ 4,

RO (n, 4) =

{
n3

144
+

n2

48
− nδ(n)

16

}
+

{
(n− 6)3

144
+

(n− 6)2

48
− (n− 6)δ(n)

16

}
−
⌊

n− 1

3

⌋
.

Proof. First of all, notice that q(n, k) = p(n− k(k − 1)/2, k) [1]. Then from (3) we get

q(n, 4) = p(n− 6, 4) =

{
(n− 6)3

144
+

(n− 6)2

48
− (n− 6)δ(n)

16

}
·

Therefore, it is enough to prove that

RO (n, 4) = p (n, 4) + q (n, 4)−
⌊

n− 1

3

⌋
· (5)

In fact, each non-ordered convex quadrilateral may be obtained by permuting exactly two
parts of some partitions of n into four parts, which is associated from System (2) to a



6 N. BENYAHIA TANI, Z. YAHI, S. BOUROUBI

unique ordered convex quadrilateral. For example, in Figure 1 above, the ordered convex
quadrilateral (b) assimilated to the solution 1133 of 8 or to the partition 2244 of 12,
generates the non-ordered convex quadrilateral (c) via the permutation 1313. Obviously,
not every partition of n can generate a non-ordered convex quadrilateral, those having
three equal parts or four equal parts cannot. Also, each partition of n into four distinct
parts xyzt generates two non-ordered convex quadrilaterals, each one corresponds to one
of the two following permutations xytz and xzyt. On the other hand, each partition of
n into two equal parts, like xxyz, with y and z both of them �= x, generates only one
non-ordered convex quadrilateral, corresponding to the unique permutation xyxz. Thus,

RO (n, 4) = 2q (n, 4) + c2(n, 4), (6)

Hence, from Lemma 4 the theorem holds.

Remark 6 By substituting k = 4 in Theorem 1, we get

R (n, 4) =
1

2

(⌊
n
2

⌋
2

)
+

1

8

(
n− 1

3

)
+

n(1− δ(n))

16
+ α,

where

α =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1

8

−1

8

0

if n ≡ 0 (mod 4),

if n ≡ 2 (mod 4),

otherwise.

Knowing furthermore that

R(n, 4) = RO (n, 4) + RO (n, 4) ,

the following identity takes place according to Theorem 1 and Theorem 5:

1
2
(�n

2 �
2

)
+

1
8
(
n−1

3

)
+

n(1− δ(n))
16

+ α = 2
{

n3

144
+

n2

48
− nδ(n)

16

}
+

+
{

(n− 6)3

144
+

(n− 6)2

48
− (n− 6)δ(n)

16

}
−

−
⌊

n− 1
3

⌋
.

4 Connecting formula between ∆ (n) and RO(n, 4)

There are two further kinds of quadrilaterals inscribed in Gn, the proper ones, those which
do not use the sides of Gn and the improper ones, those using them. In Figure 2 bellow,
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two quadrilaterals inscribed in G12 are shown, the first one is proper while the second is
not.
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Figure 2

Let denote by RP
O(n, 4) and RP

O(n, 4) respectively, the number of these two kinds of quadri-
laterals. The goal of this section is to prove the following theorem.

Theorem 7 For n ≥ 4,

∆ (n) = RO(n + 1, 4)− RO(n− 3, 4)·

Proof. Note first that an improper ordered quadrilateral is formed by at least one side of
Gn, then the concatenation of the vertices of one of such sides gives a triangle inscribed
in Gn−1, as shown in Figure 3.
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Figure 3

Then we have

RP
O(n, 4) = ∆ (n− 1) ·

On the other hand, it is obvious to see that

RP
O(n, 4) = p(n− 4, 4)·

Then from (1), we get

RP
O(n, 4) = RO(n− 4, 4)·
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Since
RO(n, 4) = RP

O(n, 4) + RP
O(n, 4),

we obtain
RO(n, 4) = RO(n− 4, 4) + ∆ (n− 1) ·

So, the theorem has been proved while substituting n by n + 1.

Remark 8 The well-known recurrence relation [4, p. 373],

p(n, k) = p(n + 1, k + 1)− p(n− k, k + 1), (7)

implies by setting k = 3,

p(n, 3) = p(n + 1, 4)− p(n− 3, 4)· (8)

Thus, as we can see, the formula of Theorem 7 can be considered as a combinatorial
interpretation of identity (8).

For k ≤ n, we have the following generalization, using the same arguments to prove
Theorem 7.

Theorem 9 For n ≥ k,

RO(n, k) = RO(n + 1, k + 1)− RO(n− k, k + 1)·

The formula of Theorem 9 can be considered as a combinatorial interpretation of the
recurrence formula (7).
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to transmit the secret information using the Vernam cipher.
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1 Introduction

Issues such as confidentiality and integrity of information have been solved by cryptog-
raphy. The certificate that the Vernam cipher is unconditionally secure, has transformed
the problem to ensure the confidentiality of information to a problem of distribution of
the secret key used in the encryption process between two parties. Until the eighties,
one way to distribute the secret key, apart from hand to hand, was to use algorithms
whose security is based on the computational complexity. The keys generated by such
algorithms are reasonably secret but not unconditionally secret.

In the early seventies, Stephen Wiesner wrote conjugate coding [3], describing the basis
for a new concept that will be known to the world in the early eighty by quantum cryptog-
raphy. Cryptography was attached to a quantum concept by the fact it relies on photons
to transmit secret information instead of bits. Security is guaranteed not by mathematical
theorems, but by the fundamental laws of physics as the Heisenberg uncertainty principle
which asserts that certain quantities cannot be measured simultaneously.

Charles H. Bennett (who knew about Wiesner’s idea) and Gilles Brassard took the subject
in 1984 [4], where they show up to the world the first protocol of quantum key distri-
bution whose security is unconditional because confidentiality is based on impossibilities
imposed by the laws of physics [5]. This protocol was implemented in 1989 over a distance
of 32 cm by calling efforts of F. Bessette, L. Salvail and J. Smolin, a full description of
the prototype was published two years later [6].

All Quantum Key Distribution protocols consist of two phases [7]:

1. Initially one of the two parties sends to the other party ”quantum” signals then
perform certain measurements.

2. In a second time the two parties engage in classical treatment of measurement
results.

2 Concept of unconditional security - Vernam Cipher

The Vernam cryptosystem, also known as the disposable mask or The One Time Pad
Cipher, provides perfect security, despite its simplicity. In its classic form, it is nothing
but a very long random sequence of letters, written on pages bound together to form a
block. The sender uses each letter of the mask in turn to encrypt exactly one plain text
character. The Vernam Cipher text C is a function of both the message M and the key
K.

The Vernam cipher was invented in 1917 by an engineer of AT & T , Gilbert S. Vernam
[9], who thought it would become widely used for automatic encryption and decryption of
telegraph messages. The vernam cipher is a polyalphabetic substitution cipher belongs to
secret key cryptosystems. The principle of the encryption algorithm is that if a random
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key is added to a message, the bits of the resulting string are also random and bear no
information about the message. If we use binary logic, unlike Vernam who worked with
an alphabet of 26 letters, the encryption algorithm E can be written as:

EK(M) = (M1 ⊕ k1,M2 ⊕ k2, . . . , Mn ⊕ kn) mod 2,

where M = (M1,M2, . . . , Mn) is the message to encrypt, and K = (k1, k2, . . . , kn) is the
key consisting of random bits. The message and the key are added bitwise modulo 2, i.e.,
the exclusive-OR. Decryption process D of cipher text C is the same as encryption, it is
given by:

M = DK(C) = (C1 ⊕ k1, C2 ⊕ k2, . . . , Cn ⊕ kn) mod 2.

Perfect security is ensured via the concept of entropy introduced by Shannon in 1949 [1].
Later, Vernam has been used in almost all military concerns. Vernam fits very well to the
definition of a secret system [2], a fact confirmed by the following theorem [8]:

Theorem 1 The Vernam cipher is unconditionally secure for any distribution of plain
text.

But just like any other cryptosystem, it has significant drawbacks which can cause its
vulnerability such as the key must be as long as the message to encrypt; the cryptosystem
becomes vulnerable if the same key is used more than once and the safest way to transport
the key is the diplomatic bag which requires users from the diplomatic sector once.

To remedy major drawbacks of this cipher, we propose here a new protocol, called BCB12
”Bouroubi Charchali Benyahia 2012”, which is based on the set partitions concept.

3 BCB12 Protocol

The protocol BCB12 inspired from the quantum protocol BB84 ”Bennett Brassard 1984”
is based on the set partitioning problem which is NP-hard. The expected objective from
the protocol is to product and to distribute a secret key via a classical channel, that will
be used to ensure confidential communications between the participants by interchanging
messages encrypted by the Vernam cipher.

First, the two parties involved in the protocol must share π = {A1, A2, . . . , Ak}, a partition
of a set [n] = {1, 2, . . . , n} into k-disjoint blocks (n is assumed to be large enough).
Traditional protagonists who must run an exchange of information in cryptography are
Alice and Bob. Both are involved in the sending and receiving secret messages and of
course Eve, the intruder who wants to spy on Alice and Bob.

Suppose Alice wants to send a message M to Bob, so steps to follow are:
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1. Alice calculates the number of characters LM of the message M to be encrypted.

2. Alice fixes the parameter m such that m = LM × S, where S is a positive integer
called amplification parameter, which we explain the role later.

3. Alice generates randomly a sequence of integers between 1 and n of size m, and for
each integer in the sequence, she sets in a list TA the index of the block to which
this element belongs in the partition π.

4. Alice sends the parameter m to Bob.

5. Bob in turn generates a random sequence of integers between 1 and n of size m,
and for each integer in the sequence, he sets in a list TB the index of the block to
which this element belongs in the partition π.

6. Bob sends the list TB to Alice.

7. Alice receives Bob’s list, and compares it with hers. If there is correspondence, i.e,
for the same index, she locates the same block in both lists, she puts a ” + ”, if not,
she puts a ”− ”. Doing so, she creates a new list, said T , whose elements are ” + ”
and ”− ”, then we have:

T (i) =





+, if TA(i) = TB(i),

−, if TA(i) 6= TB(i).
, ∀i = 1, ..., m.

8. Alice interprets each ” + ” as the result of a function f (defined below) chosen from
three functions (for example), acting on the elements of the corresponding block.
The concatenation of these results provides the random secret key of length LC .

To identify f , Alice takes the first ” + ” in the list T , writes in binary the block
index corresponding to this ” + ”, let be j, then she considers the two first bit to
the right.

If the bits are:

i) identical (”00” or ”11”) then the function f is interpreted as the sum of elements
of the block Aj.

ii) ”10” then the function f is interpreted as the product of the elements of the
block Aj.

iii) ”01” in this case, the function f is interpreted as the maximum element of the
block Aj.

9. Alice compares LM to LC . If LM ≤ LC , she sends the encrypted message and the
sequence T to Bob, and then, Bob performs step 8 to get the same key. Otherwise,
Alice must return to step 2 and, at this level, she can keep the size m or modify it.

Note that the generated keys by the protocol have been proved random, using statistical
tests.



14 S. BOUROUBI, F. CHARCHALI, N. BENYAHIA TANI

Absolute confidentiality requires a sharing of the key parameter π. The parameter π
ensures that the resulting key is secret and is not known, only by legitimate users of the
protocol. Therefore, the generated key by BCB12 offers the privacy of information trans-
mitted, encrypted according to the Vernam cryptosystem, ensuring inability to decrypt
what was encrypted by a spy.

4 Illustrative example

In this section, we present an illustrative and didactic example to show how BCB12
protocol runs, in order to get random secret keys, which will be used for the plain texts
ciphering. The first step, consists to generate a random partition of a set [n] into k-blocks
(for any n and k to choose). The second consists of unrolling the BCB12 protocol then
inject the provided key in Vernam, the adopted cryptosystem, to get out finally with the
enciphered text.

Suppose now, Alice wants to send an encrypted message to Bob. We consider first the
following shared parameters between them: n = 20, k = 13 and the partition π = {{1}; {5};
{14}; {3}; {10}; {2}; {6, 8, 12}; {13, 18}; {20}; {9, 11}; {15, 16, 19}; {7}; {4, 17}}.

Let be ”it rains take the umbrella” the secret message. The message written in binary
form is:
01001001011101000010000001110010011000010110100101101110011100110010000001110100011000010110101101100101001000

000111010001101000011001010010000001110101011011010110001001110010011001010110110001101100110000100101110,

with length LM = 216. Alice sets the parameter S at 2, it follows that m = 216∗2 = 432.

Alice generates her random sequence:

{12, 1, 4, 8, 10, 13, 16, 18, 18, 11, 13, 16, 15, 7, 4, 16, 8, 1, 13, 5, 17, 10, 2, 14, 7, 19, 11, 3, 16, 8, 1, 13, 6, 18, 10, 2, 15, 7,

11, 3, 15, 8, 20, 12, 4, 17, 9, 1, 14, 6, 18, 11, 3, 15, 6, 19, 11, 3, 16, 8, 4, 16, 9, 1, 13, 6, 18, 10, 2, 15, 7, 19, 2, 5, 17, 9, 2, 14,

6, 18, 12, 3, 16, 9, 20, 13, 5, 17, 9, 2, 14, 6, 19, 11, 3, 15, 7, 19, 12, 4, 16, 8, 19, 11, 4, 17, 9, 2, 14, 6, 18, 11, 3, 16, 8, 1, 13, 5,

17, 9, 2, 14, 6, 17, 9, 1, 13, 8, 20, 12, 4, 16, 8, 20, 12, 5, 17, 9, 1, 13, 5, 16, 8, 1, 13, 5, 17, 9, 2, 14, 6, 18, 10, 3, 15, 7, 18, 10,

2, 14, 7, 19, 11, 3, 15, 7, 19, 11, 3, 14, 6, 18, 9, 1, 13, 17, 11, 3, 2, 15, 8, 20, 16, 8, 20, 13, 5,17, 9, 2, 13, 6, 19, 12, 4, 16, 9,

1, 13, 6, 18, 13, 5, 17, 10, 2, 14, 6, 19, 11, 4, 16, 8, 1, 13, 5, 18, 10, 2, 15, 11, 3, 15, 8, 1, 13, 5, 18, 10, 2, 15, 7, 20, 12, 5, 17,

9, 2, 14, 7, 19, 12, 4, 16, 9, 1, 13, 6, 3, 15, 7, 20, 12, 4, 17, 9, 1, 16, 8, 20, 12, 5, 17, 9, 2, 14, 7, 19, 11, 4, 16, 9, 1, 14, 7, 19,

11, 3, 16, 7, 20, 12, 4, 16, 9, 2, 14, 7, 19, 12, 4, 16, 9, 1, 14, 10, 3, 15, 7, 20, 12, 4, 17, 9, 3, 16, 8, 20, 13, 5, 17, 9, 2, 14, 6,

18, 11, 3, 16, 8, 1, 14, 6, 19, 11, 4, 16, 8, 1, 13, 5, 18, 10, 2, 15, 7, 20, 12, 4, 17, 9, 2, 18, 10, 3, 15, 7, 20, 12, 4, 17, 11, 4, 16,

9, 1, 14, 6, 18, 10, 3, 15, 7, 20, 13, 5, 17, 10, 3, 15, 12, 4, 17, 9, 2, 14, 6, 19, 11, 3, 16, 8, 20, 13, 5, 18, 10, 2, 14, 7, 19, 11, 4,

16, 8, 20, 13, 5, 18, 11, 3, 16, 8, 20, 13, 5, 17, 9, 2, 14, 6, 18, 11, 3, 14, 8, 20, 12, 5, 17, 9, 1, 14, 6, 19, 11, 3, 18, 10, 2, 14}.

For each integer in the sequence, she sets in a list TA the block index to which this element
belongs in the partition π.

TA = {7, 1, 13, 7, 5, 8, 1, 7, 10, 8, 11, 11, 12, 13, 11, 7, 1, 8, 2, 13, 5, 6, 3, 12, 11, 10, 4, 11, 7, 1, 8, 7, 8, 5, 6, 11, 12, 10,

4, 11, 7, 9, 7, 13, 13, 10, 1, 3, 7, 8, 10, 4, 11, 7, 11, 10, 4, 11, 7, 13, 11, 10, 1, 8, 7, 8, 5, 6, 11, 12, 11, 7, 2, 13, 10, 6, 3, 7, 8,

7, 4, 11, 10, 9, 8, 2, 13, 10, 6, 3, 7, 11, 10, 4, 11, 12, 11, 7, 13, 11, 7, 11, 10, 13, 13, 10, 6, 3, 7, 8, 10, 4, 11, 7, 1, 8, 2, 13, 10,

6, 7, 13, 10, 1, 8, 7, 9, 7, 13, 11, 7, 9, 7, 2, 13, 10, 1, 8, 2, 11, 7, 1, 8, 2, 13, 10, 6, 3, 7, 8, 5, 4, 11, 12, 8, 5, 6, 3, 12, 11, 10,

4, 11, 12, 11, 10, 4, 3, 7, 8, 10, 1, 8, 13, 10, 4, 6, 11, 7, 9, 11, 7, 9, 8, 2, 13, 10, 6, 8, 7, 11, 7, 13, 11, 10, 1, 8, 7, 8, 8, 2, 13,
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5, 6, 3, 7, 11, 10, 13, 11, 7, 1, 8, 2, 8, 5, 6, 11, 10, 4, 11, 7, 1, 8, 2, 8, 5, 6, 11, 12, 9, 7, 2, 13, 10, 6, 3, 12, 11, 7, 13, 11, 10,

1, 8, 7, 7, 11, 12, 9, 7, 13 , 13, 10, 1, 11, 7, 9, 7, 2, 13, 10, 6, 3, 12, 11, 10, 13, 11, 10, 1, 3, 12, 11, 10, 4, 11, 12, 9, 7, 13, 11,

10, 6, 3, 12, 11, 7, 13, 11, 10, 1, 3, 5, 4, 11, 12, 9, 9, 13, 13, 10, 4, 11, 7, 9, 8, 2, 13, 10, 6, 3, 7, 8, 10, 4, 11, 7, 7, 1, 3, 7, 11,

10, 13, 11, 7, 1, 8, 2, 8, 5, 6, 11, 12, 9, 7, 13, 13, 10, 6, 8, 5, 4, 11, 12, 9, 7, 13, 13, 10, 13, 11, 10, 1, 3, 7, 8, 5, 4, 11, 12, 9,

8, 2, 13, 5, 4, 11, 7, 13, 13, 10, 6, 3, 7, 11, 10, 7, 11, 7, 9, 8, 2, 8, 5, 6, 3, 12, 11, 10, 13, 11, 7, 9, 8, 2, 8, 10, 4, 11, 7, 9, 8, 2,

13, 10, 6, 3, 7, 8, 10, 4, 3, 7, 9, 7, 2, 13, 10, 1, 3, 7, 11, 10, 4, 8, 5, 6, 3}.

Alice sends m to Bob. Bob in turn generates his random sequence of length m:

{6, 15, 20, 3, 6, 11, 13, 16, 18, 20, 8, 10, 14, 12, 3, 16, 8, 20, 11, 4, 15, 7, 19, 11, 3, 15, 6, 18, 10, 2, 14, 5, 17, 9, 1, 13, 4, 16,

8, 20, 12, 3, 15, 7, 19, 11, 2, 15, 7, 19, 11, 3, 15, 7, 18, 11, 4, 15, 8, 20, 13, 4, 16, 2, 14, 6, 19, 11, 3, 16, 8, 20, 12, 4, 17, 8,

20, 14, 9, 1, 13, 4, 17, 10, 2, 15, 7, 19, 11, 4, 16, 8, 1, 13, 5, 17, 10, 2, 14, 7, 19, 11, 3, 16, 6, 4, 17, 9, 1, 13, 6, 18, 10, 3, 15,

8, 1, 12, 5, 18, 10, 3, 15, 7, 20, 12, 4, 16, 9, 1, 13, 5, 18, 10, 2, 15, 7, 20, 12, 5, 17, 9, 2, 14, 6, 19, 11, 5, 17, 10, 3, 15, 7, 20,

12, 5, 17, 10, 1, 14, 7, 18, 11, 4, 19, 11, 4, 17, 3, 13, 7, 20, 12, 5, 18, 11, 3, 16, 9, 6, 18, 12, 19, 14, 7, 20, 13, 5, 8, 20, 13, 5,

17, 10, 2, 14, 6, 18, 11, 3, 15, 8, 20, 12, 4, 16, 8, 1, 13, 5, 18, 10, 3, 15, 7, 19, 12, 5, 17, 9, 1, 13, 6, 18, 10, 3, 15, 8, 20, 12, 4,

17, 9, 1, 14, 6, 18, 11, 3, 15, 7, 20, 12, 5, 17, 9, 1, 13, 5, 18, 9, 2, 14, 6, 18, 11, 2, 14, 6, 19, 11,3, 16, 8, 20, 12, 4, 17, 9, 1,

13, 5, 17, 10, 2, 15, 7, 19, 10, 3, 14, 7, 19, 11, 3, 15, 7, 20, 12, 4, 16, 9, 1, 13, 5, 17, 9, 1, 13, 5, 17, 9, 1, 13, 6, 17, 10, 2, 14,

6, 18, 11, 3, 15, 7, 20, 12, 4, 16, 8, 20, 13, 6, 18, 10, 3, 15, 7, 19, 11, 3, 15, 8, 19, 12, 4, 17, 10, 2, 15, 7, 19, 11, 3, 15, 7, 20,

11, 4, 17, 8, 1, 13, 5, 17, 9, 2, 14, 6, 18, 10, 2, 15, 7, 19, 10, 2, 14, 6, 19, 11, 3, 16, 8, 20, 12, 4, 16, 8, 1, 12, 4, 17, 10, 1, 15,

7, 18, 11, 3, 15, 7, 20, 12, 4, 16, 8, 20, 13, 5, 17, 9, 1, 13, 6, 17, 9, 1, 13, 5, 18, 10, 3, 15, 7, 19, 11, 3, 14, 7, 19, 12, 4, 17, 8,

1, 13, 5, 17, 10, 2, 14}.

For each integer in the sequence, Bob sets in a list TB the block index to which this
element belongs in the partition π:

TB = {7, 11, 9, 4, 7, 10, 8, 11, 8, 9, 7, 5, 3, 7, 4, 11, 7, 9, 10, 13, 11, 12, 11, 10, 4, 11, 7, 8, 5, 6, 3, 2, 13, 10, 1, 8, 13, 11,

7, 9, 7, 4, 11, 12, 11, 10, 6, 11, 12, 11, 10, 4, 11, 12, 8, 10, 13, 11, 7, 9, 8, 13, 11, 6, 3, 7, 11, 10, 4, 11, 7, 9, 7, 13, 13, 7, 9, 3,

10, 1, 8, 13, 13, 5, 6, 11, 12, 11, 10, 13, 11, 7, 1, 8, 2, 13, 5, 6, 3, 12, 11, 10, 4, 11, 7, 13, 13, 10, 1, 8, 7, 8, 5, 4, 11, 7, 1, 7,

2, 8, 5, 4, 11, 12, 9, 7, 13, 11, 10, 18, 2, 8, 5, 6, 11, 12, 9, 7, 2, 13, 10, 6, 3, 7, 11, 10, 2, 13, 5, 4, 11, 12, 9, 7, 2, 13, 5, 1, 3,

12, 8, 10, 13, 11, 10, 13, 13, 4, 8, 12, 9, 7, 2, 8, 10, 4, 11, 10, 7, 8, 7, 11, 3, 12, 9, 8, 2, 7, 9, 8, 2, 13, 5, 6, 3, 7, 8, 10, 4, 11,

7, 9, 7, 13, 11, 7, 1, 8, 2, 8, 5, 4, 11, 12, 11, 7, 2, 13, 10, 1, 8, 7, 8, 5, 4, 11, 7, 9, 7, 13, 13, 10, 1, 3, 7, 8, 10, 4, 11, 12, 9, 7,

2, 13, 10, 1, 8, 2, 8, 10, 6, 3, 7, 8, 10, 6, 3, 7, 11, 10, 4, 11, 7, 9, 7, 13, 13, 10, 1, 8, 2, 13, 5, 6, 11, 12, 11, 5, 4, 3, 12, 11, 10,

4, 11, 12, 9, 7, 13, 11, 10, 1, 8, 2, 13, 10, 1, 8, 2, 13, 10, 1, 8, 7, 13, 5, 6, 3, 7, 8, 10, 4, 11, 12, 9, 7, 13, 11, 7, 9, 8, 7, 8, 5, 4,

11, 12, 11, 10, 4, 11, 7, 11, 7, 13, 13, 5, 6, 11, 12, 11, 10, 4, 11, 12, 9, 10, 13, 13, 7, 1, 8, 2, 13, 10, 6, 3, 7, 8, 5, 6, 11, 12, 11,

5, 6, 3, 7, 11, 10, 4, 11, 7, 9, 7, 13, 11, 7, 1, 7, 13, 13, 5, 1, 11, 12, 8, 10, 4, 11, 12, 9, 7, 13, 11, 7, 9, 8, 2, 13, 10, 1, 8, 7, 13,

10, 1, 8, 2, 8, 5, 4, 11, 12, 11, 10, 4, 3, 12, 11, 7, 13, 13, 7, 1, 8, 2, 13, 5, 6, 3}.

The first integer obtained by Alice is 12 which belongs to the block A7, where the second
one is 1 which belongs to the block A1. While, the first integer obtained by Bob is 6
belongs to the block A7, and the second is 15 belongs to the block A11, and so on. Since
we have the same index for the first integer in both sequences, Alice obtains the first ”+”.
By comparing the second integer obtained in both sequences, we can see that we have not
the same index, so Alice put a ” − ” in the second position. Doing so, Alice establishes
the list T :

T = {+, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, +, -, -, -, -, -, -, -, -, -, -, - , -, -, -,

-, -, -, -, -, -, -, -, -, +, +, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, +, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, +, -, +, +,

+, -, -, +, +, -, +, +, +, +, -, +, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -,

-, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, +, -, -, -, +, +, +, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, +, -, -, -, -, -, -, -, -, -, -, -,

-, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, +, -, -, +, -, +, -, -, +, +, +, -, -, -, -, -, +, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -,
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-, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -,

-, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, +, -, +, +, +, +, -, +, +, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -,-, -,

-, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, -, +, -, -, -, -, +, +, +}.

As the first ” + ” refers to the block A7 and 7 = 00000111 in binary form, with the two
first bit to the right are 11, then the function f will be the sum of elements of blocks,
hence:

f(A7) = 6 + 8 + 12 = 26.

Therefore the provided key is:

{26, 50, 21, 50, 31, 50, 21, 21, 20, 26, 31, 3, 50, 26, 1, 5, 26, 20, 31, 5, 21, 20,7, 26, 20, 1,31, 26, 20, 14, 26, 31, 10, 50, 7, 26,

10, 2, 14}.

Here the key is written in binary form, with length LC = 312:

000110100011001000010101001100100001111100110010000101010001010100010100000110100001111100 00001100110010000110

100000000100000101000110100001010000011111000001010001010100010100000001110001101000010100 000000010001111100011

0100001010000001110000110100001111100001010001100100000011100011010000010100000001000001110.

Since LC > LM , Alice has to encrypt the message. She gets the following encrypted text:

010100110100011000110101010000000111111001011011011110110110011000110100011011100111111001101000 01010111001110

1001110101011011010111111100110100011010100110100001110111011001100110001001110110011110000110000000110001.

Then, she sends the list T and the enciphered message to Bob.

Using the list T , Bob gets the key, therefore, he obtains the plain text by performing the
Xor operation (operating principle of Vernam) between the enciphered message and the
key.

5 Conclusion

Quantum cryptography ensures that the secret key is shared in confidential way and an
unauthorized party has not copy, the Vernam Cipher, under restriction of eliminating its
major drawbacks mentioned above, offers unconditional security of the encrypted mes-
sage with assurance that without the possession the encryption key, it is impossible to
decipher what has been encrypted. The BCB12 protocol, carries out two objectives:
The first objective being the production of a random key at least as long as the message
to be encrypted with assurance of the synchronization between the transmitter and the
receiver. So, the constraint mentioned above will be removed. The second is the inability
of a third person, said Eve, to determine the secret key generated in a reasonable time.
This is because if Eve intercepts all data exchanged between Alice and Bob, she has no
information on the partition π and the secret key. To determine π in order to find the key,
Eve is opposite to the following problem: Find all the k-blocks of a set in the following
form [k + i] = {1, 2, . . . , k + i} i = 1, 2, ..., for each obtained partition, unroll the protocol
in order to generate all possible random keys and then, lead a exhaustive key search, to
find the right key, which is not feasible in a reasonable time, at least during the lifetime
of the shared secret between Alice and Bob.
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Abstract: In this paper we consider the number of partitions of a positive
integer n into parts of a specified number of distinct sizes. We give a method
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1 Introduction

A partition of a positive integer n is a sequence of non increasing positive integers
n1 (a1 times), n2 (a2 times), . . ., ns (as times), with ni > ni+1, that sum to n. We
sometimes write the such partition π = (na1

1 na2
2 · · · nas

s ), each ni is called part of the
partition π and ai its frequency. The partition function p(n) counts the partitions of n.
If we ignore some unpublished work of G.W.V. Leibniz, the theory of integer partitions
can find its origin in the work of L. Euler [6]. In fact, he made a sustained study of par-
titions and partition identities, and exploited them to establish a huge number of results
in Analysis in 1748. An excellent introduction to this subject can be found in the book
of G. E. Andrews [2].

Definition 1 Let π = (na1
1 na2

2 · · · nas
s ) be a partition of n. We say that π is a partition

into k parts with s distinct sizes if





n = a1 n1 + · · ·+ as ns;

n1 > n2 > · · · > ns ≥ 1;

a1 + · · ·+ as = k;

a1, . . . , as ≥ 1.

(1)

Let t(n, k, s) be the number of solutions of system (1) and t(n, s) the total number of
partitions of n into s distinct sizes. Then we have

t(n, s) =

2n−s(s−1)
2∑

k=s

t(n, k, s). (2)

Example 1 Among 27 partitions of n = 11 into 2 distinct sizes, the partitions (71 14),
(42 13), (31 24) and (33 12) are the only ones which are into 5 parts.

This kind of partitions appeared for the first time in the work of P. A. MacMahon [7].
Next, E. Deutsch presented the number of partitions of n into exactly two odd sizes of
parts and the number of partitions of n into exactly two sizes of parts, one odd and one
even. One can find these values in the Online Encyclopedia of Integer Sequences (OEIS)
[8] as A117955 for the first number, A117956 for the second one and A002133 for the
number of partitions of n using only 2 types of parts. In the work of Benyahia-Tani
and Bouroubi [3], we can find proof of effective and non-effective finiteness theorems on
t(n, k, s). We can cite for example the following results:
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Theorem 1 For k ≥ s ≥ 2, n ≥ k + s(s−1)
2

and n ≥ max{k, s(s+1)
2
}, we have

t(n, k, s) =

b 2n−s(s−1)
2k

c∑
i=1

k−s+1∑
j=1

t(n− ki, k − j, s− 1), (3)

t(n, k, 2) =

bn−1
k
c∑

i=1

τk−1↓(n− ki), (4)

where τd↓(k) denotes the number of positive divisors of k less than or equal to d.

2 Main Results

One of the aim of this paper is to give an explicit formula for t(n, k, 2) using an effective
new approach.

Thus, let consider the system:





n = a1 n1 + a2 n2;

a1 + a2 = k;

n1 > n2 ≥ 1;

a1, a2 ≥ 1.

(5)

and let m = n1 − n2 throughout the remainder of the paper.

First of all, we introduce the following lemma to prepare the main theorem.

Lemma 2 System (5) has integral solutions if and only if the following conditions are
satisfied:

(i) n ≡ n2k(mod m),

(ii) max
(
1,

⌈
n
k

⌉−m + χ(k|n)
) ≤ n2 ≤

⌊
n
k

⌋− χ(k|n),

where χ(k|n) = 1 if k divides n, and 0 otherwise.

Proof. From system (5), we have

(
n1 n2

1 1

)(
a1

a2

)
=

(
n

k

)
·
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Since m > 0, we can write
(

a1

a2

)
=

1

m

(
n− n2k

−n + n1k

)
·

Then, system (5) has integral solutions if and only if m divides n− n2k, n− n2k > 0 and
−n + n1k > 0. That is,

n ≡ n2k(mod m) and
n

k
−m < n2 <

n

k
·

Since k can divide n, and n2 ≥ 1, the result holds.

From this lemma, we can now derive the following theorem.

Theorem 3 For k ≥ 2, n ≥ max{k, 3}, d = gcd(n, k) and e|d, let Ie be the set of pairs
(α, β) ∈ N2, such that:

• 1 ≤ α ≤ ⌊
n−k

e

⌋
and gcd

(
α, k

e

)
= 1,

• β ≡ (
n
e

) (
k
e

)−1
(mod α) and 0 ≤ β ≤ min

(
α− 1,

⌊
n
k

⌋− χ(k|n)
)
.

Then

t(n, k, 2) =
∑

e|d

∑

(α,β)∈Ie

(⌊⌊
n
k

⌋− χ(k|n)− β

α

⌋
−

⌈
max

(
1,

⌈
n
k

⌉
+ χ(k|n)− αe

)− β

α

⌉
+ 1

)
.

Proof. Put e = gcd(m, k) and let α = m
e
, that is 1 ≤ α ≤ ⌊

n−k
e

⌋
and gcd

(
α, k

e

)
= 1. By

Lemma 2, case (i), we can see that e divides d, and n2 ≡
(

n
e

) (
k
e

)−1
(mod α).

Let 0 ≤ β < α, such that β ≡ (
n
e

) (
k
e

)−1
(mod α). Then

n2 = β + tα, t ∈ Z.

Since 0 ≤ β < α and β ≤ n2 > 0, then t ∈ N and 0 ≤ β ≤ min
(
α− 1,

⌊n

k

⌋
− χ(k|n)

)
.

It follows from Lemma 2, case (ii), that

max
(
1,

⌈n

k

⌉
+ χ(k|n)−m

)
≤ β + tα ≤

⌊n

k

⌋
− χ(k|n)·

Finally, t(n, k, 2) equals the number of positive integers t, such that
⌈

max
(
1,

⌈
n
k

⌉
+ χ(k|n)−m

)− β

α

⌉
≤ t ≤

⌊⌊
n
k

⌋− χ(k|n)− β

α

⌋
·

This completes the proof.
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Remark 4 One nice application of Theorem 3 concerns the following algorithm which
allows us to generate all partitions of n using exactly two distinct sizes of parts.

Algorithm 1 Partitions into k parts with exactly two distinct sizes of parts

Require: k ≥ 2, n ≥ max{k, 3}
Ensure: Set of quadruple (n1, a1, n2, a2),

d ← gcd(n, k)
for each divisor e of d do

for α from 1 to
⌊

n−k
e

⌋
do

if gcd
(
α, k

e

)
= 1 then

β ← (
n
e

) (
k
e

)−1
(mod α)

if β ≤ min
(
α− 1,

⌊
n
k

⌋− χ(k|n)
)

then

t1 ←
⌈

max(1,dn
ke+χ(k|n)−αe)−β

α

⌉

t2 ←
⌊
bn

kc−χ(k|n)−β

α

⌋

for t from t1 to t2 do

n2 ← β + tα

n1 ← αe + n2

a2 ←
⌊

n−n1k
n2−n1

⌋

a1 ← k − a2

end for

end if

end if

end for
end for

This algorithm runs in O(n).

Example 2 Let n = 11 and k = 8, then d = gcd(11, 8) = 1. So, e = 1 is the only one
divisor of d. The values of α that satisfies 1 ≤ α ≤ 3 and gcd(α, 8) = 1 are 1 or 3.

1. For α = 1, we get β ≡ 11.8−1(mod 1) = 0, which is ≤ min(0, 1). The pair
(α, β) = (1, 0) is then accepted and gives only one value of t:

t =

⌊
1− 0

1

⌋
−

⌈
max(1, 2− 1)− 0

1

⌉
+ 1 = 1.

Therefore, we have only one partition corresponding to the pair (α, β) = (1, 0). By
applying Algorithm 4, we get:

n2 = 1, n1 = 2, a2 = 5 and a1 = 3,
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and thus the partition (23 15).

2. For α = 3, we get β = 1 ≤ min(2, 1), then the pair (α, β) = (3, 1) is accepted and
gives the values:

t = 1, n2 = 1, n1 = 4, a2 = 7 and a1 = 1.

Thus the associated partition is (41 17).

We get, finally
t(11, 8, 2) = 2.

Example 3 Let n = 22 and k = 8, then d = gcd(22, 8) = 2. So, we have two divisors of
d, e = 1 and e = 2.

• Case1: e = 1.
The values of α that satisfies 1 ≤ α ≤ 14 and gcd(α, 8) = 1 are 1, 3, 5, 7, 9, 11 or 13.

1. For α = 1, we get β = 0. The pair (1, 0) is accepted and gives the values:

t = 1, n2 = 2, n1 = 3, a2 = 2 and a1 = 6,

and then the partition (36 22).

2. For α = 3, we get β = 2. The pair (3, 2) is accepted and gives the values:

t = 1, n2 = 2, n1 = 5, a2 = 6 and a1 = 2,

and then the partition (52 26).

3. For α = 5, we get β = 4 > min(4, 2), then the pair (5, 4) is rejected.

4. For α = 7, we get β = 1. The pair (7, 1) is accepted and gives the values:

t = 1, n2 = 1, n1 = 8, a2 = 6 and a1 = 2,

and then the partition (82 16).

5. For α = 9, we get β = 5 > min(8, 2), then the pair (9, 5) is rejected.

6. For α = 11, we get β = 3 > min(10, 2), then the pair (11, 3) is rejected.

7. For α = 13, we have β = 6 > min(13, 2), then the pair (13, 6) is rejected.

• Case2: e = 2.
The values of α that satisfies 1 ≤ α ≤ 7 and gcd(α, 8) = 1 are 1, 3, 5 or 7.

1. For α = 1, we have β = 0. The pair (1, 0) is accepted and gives 1 ≤ t ≤ 2.
Applying Algorithm 4, we obtain two partitions corresponding to the pair (1, 0);
the first one is (37 11) for t = 1 and the second one is (43 25) for t = 2.
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2. For α = 3, we get β = 2. The pair (3, 2) is accepted and gives the values:

t = 1, n2 = 2, n1 = 8, a2 = 7 and a1 = 1,

and then the partition (81 27).

3. For α = 5, we get β = 4 > min(4, 2), the pair (5, 4) is rejected.

4. For α = 7, we get β = 1. The pair (7, 1) is accepted and gives the values:

t = 1, n2 = 1, n1 = 15, a2 = 7 and a1 = 1,

and then the partition (151 17).

We get, finally
t(22, 8, 2) = 7.

After having counting the number t(n, k, s), it would be of considerable interest to explore
the number of partitions of n into k parts with exactly s distinct coprime sizes, which we
denote by g(n, k, s). Thus, let set

g(n, s) =

2n−s(s−1)
2∑

k=s

g(n, k, s). (6)

Theorem 5 For k ≥ s ≥ 2 and n ≥ max{k, s(s+1)
2
}, we have

g(n, k, s) =
∑

d|n
µ

(n

d

)
t(d, k, s), (7)

where µ(.) denotes Möbius function.

Proof. Let T (n, k, s) be the set of partitions of n into k parts with s distinct sizes and
G(n, k, s) the subset of the such partitions but with s distinct coprimes sizes. We notice
that, the mapping from the set T (n, k, s) to

⋃
d|n G(d, k, s) defined by:

(na1
1 na2

2 · · · nas
s ) →

((n1

δ

)a1
(n2

δ

)a2 · · ·
(ns

δ

)as
)

,

is a bijection, where δ = gcd(n1, n2, . . . , ns).

Consequently, we have

t(n, k, s) =
∑

d|n
g(d, k, s). (8)

Hence, the result follows by using the Möbius inversion formula.
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Remark 6 Since t(d, k, s) = 0 if d < max
{

k, s(s+1)
2

}
, the summation in (7) can be

extended only over all divisors d of n such that n
d
≥ max

{
k, s(s+1)

2

}
. For example, if we

take n = 22 and k = 8, then

g(22, 8, 2) = µ (2) t(11, 8, 2) + µ (1) t(22, 8, 2),

and, according to Examples 2 and 3, we get g(22, 8, 2) = 7− 2 = 5. These partitions are:
(37 11), (36 22), (52 26), (82 16) and (151 17).

Using Theorems 5 and 3, we can construct the following table:

n\k 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 g(n, 2)
3 1 1
4 1 1 2
5 2 2 1 5
6 1 1 2 1 5
7 3 3 2 2 1 11
8 2 2 2 2 2 1 11
9 3 3 2 3 2 2 1 16
10 2 2 4 1 3 2 2 1 17
11 5 5 3 4 2 3 2 2 1 27
12 2 2 2 2 3 2 3 2 2 1 21
13 6 6 4 5 2 4 2 3 2 2 1 37
14 3 3 5 3 4 1 4 2 3 2 2 1 33
15 4 4 3 3 4 4 2 4 2 3 2 2 1 38
16 4 4 5 3 4 3 3 2 4 2 3 2 2 1 42
17 8 8 5 7 3 5 3 4 2 4 2 3 2 2 1 59
18 3 3 5 2 5 2 4 2 4 2 4 2 3 2 2 1 46
19 9 9 6 7 3 7 3 4 3 4 2 4 2 3 2 2 1 71
20 4 4 4 4 4 3 6 2 3 3 4 2 4 2 3 2 2 1 57

Table 1: g(n, k, 2), 2 ≤ k < n ≤ 20.

From identity (7) we can see that if k ≥ bn
2
c, then t(n, k, 2) = g(n, k, 2). In the present

theorem we present this observation in a more explicit form.

Theorem 7 For n ≥ max{3, k} and k ≥ max{2, bn
2
c}, we have

t(n, k, 2) = g(n, k, 2) = τ(n− k)− χ(n = 2k),

where τ(n) denotes the number of positive divisors of n and χ(n = 2k) = 1 if n = 2k,
0 otherwise.
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Proof. Let us first notice that if k ≥ 1 + max{2, bn
2
c}, then k ≥ dn+1

2
e, and by Identity

(4) the result yields (see [3], Corollary 3). Let now k = max{2, bn
2
c}. Since the result is

true for n = 3, we can assume k = bn
2
c. Let π = (na1

1 na2
2 ) be a partition of n into k parts

with two distinct sizes. If n is even, then n2 = 1, else n > (a1+a2) n2 = k n2 ≥ 2
⌊

n
2

⌋
= n,

a contradiction. Hence, n − k = (n1 − 1) a1, in which case n1 − 1 divides n − k. So, for
each divisor d of n− k, we get n1 = d + 1, a1 = n−k

d
> 0 and a2 = k− n−k

d
> 0, except for

d = 1, where a2 = k − n−k
d

= 0. Thus, the result yields.

Now, if n is odd, then n2 = 1 or (n1, n2) = (3, 2). Indeed, if (n2 = 2 and n1 ≥ 4) or
(n2 ≥ 3), then n > 3a1+2a2 = 2k+a1 ≥ 2

⌊
n
2

⌋
+1 = n, a contradiction. In case of n2 = 1,

by the same argument above, we get for each divisor d of n− k, n1 = d + 1, a1 = n−k
d

> 0
and a2 = k − n−k

d
> 0, except for d = 1, where a2 = k − n−k

d
< 0, which is completed by

the partition (3n−2k 23k−n). This completes the proof.

Remark 8 As shown in the proof above, the t(n, k, 2)’s partitions have been generated
explicitly.
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Abstract: Let n, a and b be positive integers. The pair (a, b) is called integer
partition of n into Diophantine pair if n = a+ b, ab+1 is a perfect square and
a > b. In this paper we give, for any positive integer n, a closed formula of the
number of integer partitions into Diophantine pairs, denoted by qD(n, 2).
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1 Introduction

Let n be an integer, a partition of n is a non increasing sequence of positive integers
n1, n2, . . . , nk whose sum is n, that is n = n1 + · · · + nk, with n1 ≥ · · · ≥ nk ≥ 1. Each
ni is called a part of the partition. The function p(n) denotes the number of partitions of n.

The study of partitions has fascinated several great mathematicians such as Leibniz,
Euler, Legendre, Ramanujan, Hardy, Rademacher, Sylvester, Selberg and Dyson, who
are interested in many, many number of partitions that satisfy some conditions, denoted
p(n | [condition]), such as Eulers’s identity:

p(n | [odd parts]) = p(n | [distinct parts]).

Many other interesting problems in the theory of partitions remain unsolved up till now,
for example despite a good deal of effort, is to find a simple criterion for deciding whether
p(n) is even or odd. There is a vast literature on integer partitions, for more details see
for instance [1], [3], [4], [5], [6], [10], [11], [12] and [13].

Now let’s move on to another combinatorial concept. A set {a1, a2, ..., am} of m positive
integers is called a Diophantine m-tuple if aiaj + 1 is a perfect square for all i, j with
1≤ i < j ≤ m. The set {1, 3, 8, 120} was the first example of a Diophantine quadruple
found by Fermat. A folklore conjecture says that there does not exist a Diophantine
quintuple. Arkin, Hoggatt and Strauss [2] shown in general, that for a given Diophantine
triple {a, b, c}, the set {a, b, c, d+} is always a Diophantine quadruple, where d+ = a+b+c+
2abc+2rst, and r, s, t are the positive integers satisfying ab+1 = r2, ac+1 = s2, bc+1 = t2.
The such Diophantine quadruple is called regular.

Dujella [8] proved that there does not exist a Diophantine sextuple and that there exist
only finitely many Diophantine quintuples. For more on Diophantine m-tuples results
and its history, see for instance Dujella’s webpage [9].

The purpose of this paper is to make a link between integer partitions and Diophantine
m−tuples, more precisely the main goal of this paper is to find the number of partitions
of n into two distinct parts, forming a Diophantine pairs.

Definition 1 A partition of n into exactly two distinct parts, forming a Diophantine pair,
is an integral solution of the following system:





n = a + b,
ab + 1 = s2,
a > b ≥ 1.

(1)
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Throughout this paper, qD(n, 2) denotes the number of solutions of system (1).

Example 1 Among 49 partitions of n = 100 into 2 distinct parts, the partitions:

100 = 51 + 49,
= 60 + 40,
= 99 + 1,

are the only ones which form a Diophantine pairs:

51.49 + 1 = 502,
60.40 + 1 = 492,
99.1 + 1 = 102.

The organization of this paper is as follows: In Sect. 2 we give an upper bound for qD(n, 2),
the number of integer partitions into Diophantine pairs. In Sect. 3 we collect some results
to prepare the main result. Section 4 combines the lemmas from Sect 3 to prove the main
theorem. Finally, Sect. 5 gives some effective calculus with some examples.

2 Upper bound for qD(n, 2)

Theorem 1 For n ≥ 3, we have

qD(n, 2) ≤
⌊√

n2 + 4

2

⌋
− ⌈√

n
⌉

+ 1,

where bwc and dwe denotes the floor and the ceiling of w respectively.

Proof. From (1), we have,

− b2 + nb + 1 = s2. (2)

Since 1 ≤ b < n/2, and the function f : t 7→ −t2 + nt + 1 is increasing on the interval[
1,

n

2

[
, it follows

n ≤ −b2 + nb + 1 <
n2 + 4

4
·

Thus, we have
√

n ≤ s <

√
n2 + 4

2
·

Hence, the result follows.
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3 Some Lemmas

We now present some preliminary results to prepare the main theorem. Let Sn be the set
of all solutions of the following Diophantine equation:

(n− 2x)2 + (2y)2 = n2 + 4,

where (x, y) ∈ N∗ × N∗ with n− 2x > 0·

Lemma 2 We have

qD(n, 2) = card(Sn).

Proof. From (2) we get

(n− 2b)2 + (2s)2 = n2 + 4.

This shows that we have a 1-1 correspondence between Sn and the set of all solutions of
System (1).

Let define rN2 (n) and rZ2 (n) to be the number of solutions of the equation x2 + y2 = n, in
N2 and Z2 respectively. It is clear that if n is not a perfect square, then we have:

rN2 (n) =
rZ2 (n)

4
· (3)

In his work on number theory, C. G. J. Jacobi established the following result [7]:

rZ2 (n) = 4(τ1[4](n)− τ3[4](n)), (4)

where,

τ1[4](n) =
∑

d/n
d≡1(mod 4)

1 and τ3[4](n) =
∑

d/n
d≡3(mod 4)

1.

Since n2 + 4 is never a perfect square, from (3) and (4) we get

rN2 (n2 + 4) = τ1[4](n
2 + 4)− τ3[4](n

2 + 4). (5)

The next Lemma, shows that τ3[4](n
2 + 4) = 0, for n ≥ 1.

Lemma 3 All odd divisors of n2 + 4 are congruent to 1 modulo 4, for n ≥ 1.
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Proof. Let v2(n) denotes the 2-adic order of n. Then n2 + 4 = 2v2(n2+4)M , with M odd.
The result holds if M = 1. Suppose M ≥ 3 and let p be an odd prime divisor of M . Since
p and 2 are coprime, it exists u ∈ Z, such that 2u ≡ 1 (mod p), and so

4u2 ≡ 1 (mod p). (6)

Since n2 + 4 ≡ 0 (mod p), we obtain from (6)

(un)2 ≡ −1 (mod p).

By using the first supplement to quadratic reciprocity, we get finally p ≡ 1 (mod 4), which
completes the proof.
The following corollary is direct consequence from (5) and Lemma 3.

Corollary 4 For any positive integer n ≥ 1, we have

rN2 (n2 + 4) =
τ(n2 + 4)

1 + v2(n2 + 4)
·

4 Main result

We are now ready to formulate the main result as follows:

Theorem 5 For n ≥ 1, we have

qD(n, 2) =
2τ(n2 + 4)

3 + (−1)n+1 + 2v2(n2 + 4)
− 1.

Proof. Let Tn = {(a, b) ∈ N2 : a2 + b2 = n2 + 4}. We distingue two cases: Case 1. If n

is odd, let
T 1

n = {(a, b) ∈ N2 : a2 + b2 = n2 + 4, a odd and b even},

T 2
n = {(a, b) ∈ N2 : a2 + b2 = n2 + 4, a even and b odd}.

From corollary 4, we have
card(Tn) = τ(n2 + 4). (7)

It is clear that T 1
n ∩ T 2

n = ∅ and Tn = T 1
n ∪ T 2

n . Then,

card(Tn) = 2 card(T 1
n). (8)

Notice that (x, y) ∈ Sn if and only if (x, y) ∈ T 1
n \ {(n, 2)}. Which implies

card(Sn) = card(T 1
n)− 1. (9)
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It follows from (7), (8) and (9)

card(Sn) =
τ(n2 + 4)

2
− 1.

Case 2. If n is even, so let n = 2m, Sn becomes the set of all solutions of the following
Diophantine equation: (m− x)2 + y2 = m2 + 1, where (x, y) ∈ N∗ × N∗ with m− x > 0.
Let then,

Tm = {(a, b) ∈ N2 : a2 + b2 = m2 + 1}.
Since m2 + 1 is never a perfect square, we have

card(Tm) =
τ(m2 + 1)

1 + v2(m2 + 1)
·

Notice that (x, y) ∈ Sn if and only if (x, y) ∈ Tm \ {(m, 1)}. Then,

card(Sn) = card(Tm)− 1

=
τ(m2 + 1)

1 + v2(m2 + 1)
− 1.

Since n2 + 4 = 4(m2 + 1), it exists M a positive odd integer such that:

n2 + 4 = 2v2(n2+4)M and m2 + 1 = 2v2(m2+1)M.

Then,
τ(m2 + 1)

1 + v2(m2 + 1)
=

τ(n2 + 4)

1 + v2(n2 + 4)
·

Thus

card(Sn) =
τ(n2 + 4)

1 + v2(n2 + 4)
− 1.

Finally, the Theorem holds by virtue of Lemma 2.

Remark 6 If we note that

v2

(
n2 + 4

)
=





0 if 2 - n,

3 if 2 ‖ n,

2 if 4 | n,

Theorem 5 can be reformulated as follows:

Theorem 7 For n ≥ 1, we have

qD(n, 2) =





τ (n2 + 4)

2
− 1 if 2 - n,

τ (n2 + 4)

4
− 1 if 2 ‖ n,

τ (n2 + 4)

3
− 1 if 4 | n,
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As an immediate consequence of Theorem 7, we obtain the following corollary:

Corollary 8 For any positive integer n ≥ 1, we have

τ
(
n2 + 4

) ≡ 0





(mod 2) if 2 - n,

(mod 4) if 2 ‖ n,

(mod 3) if 4 | n.

5 Effective calculus and some examples

Example 2 Let n = 1000. We have n2+4 = 22.532.89, so τ(n2+4) = 18. From Theorem
7, we get

qD(1000, 2) = 5.

The such partitions are:
1000 = 501 + 499,

= 720 + 280,
= 765 + 235,
= 924 + 76,
= 949 + 51,

of course, all of these partitions verify the Diophantine condition:

501.499 + 1 = 5002,
720.280 + 1 = 4492,
765.235 + 1 = 4242,
924.76 + 1 = 2652,
949.51 + 1 = 2202.

Example 3 Let n = 2039, a prime number. Since n2 +4 = 52.166301, we get τ(n2 +4) =
6. Therefore, from Theorem 7, we obtain

qD(2039, 2) = 2.

The such partitions are:
2039 = 1304 + 735,

= 1632 + 407,

and
1304.735 + 1 = 9792,
1632.407 + 1 = 8152.

By using a computer algebra package, Theorem 7 allows us to obtain qD(n, 2) for large
values of n. The following table is introduced to illustrate a few:
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n 1500 2000 2500 3000 3500 4000 4500 5000 5500 10000 20000
qD(n, 2) 1 3 3 7 3 3 3 3 7 11 3
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1 Introduction

All the graphs we considered are simple and loopless. For an undirected graph G, we
denote by V (G) its set of vertices and by E(G) its set of edges. The distance dG(u, v), or
simply d(u, v), between vertices u and v in G is the length (number of edges) of a shortest
path joining u and v. The diameter of G is the maximum distance between two vertices
of G. We denote by Pn the path of order n and by Cn, n ≥ 3, the cycle of order n.

A packing k-coloring of G is a mapping π : V (G) → {1, . . . , k} such that, for every two
distinct vertices u and v, π(u) = π(v) = i implies d(u, v) > i. The packing chromatic
number χρ(G) of G is then the smallest k such that G admits a packing k-coloring. In
other words, χρ(G) is the smallest integer k such that V (G) can be partitioned into k
disjoint subsets V1, . . . , Vk, in such a way that every two vertices in Vi are at distance
greater than i in G for every i, 1 ≤ i ≤ k. A packing coloring of G is optimal if it uses
exactly χρ(G) colors.

Packing coloring has been introduced by Goddard, Hedetniemi, Hedetniemi, Harris and
Rall [12, 13] under the name broadcast coloring and has been studied by several authors in
recent years. Several papers deal with the packing chromatic number of certain classes of
graphs such as trees [3, 4, 13, 16, 17], lattices [4, 5, 9, 10, 14, 18], Cartesian products [4, 9,
16], distance graphs [6, 7, 19] or hypercubes [13, 20, 21]. Complexity issues of the packing
coloring problem were adressed in [1, 2, 3, 8, 11, 13].

The following proposition, which states that having packing chromatic number at most k
is a hereditary property, will be useful in the sequel:

Proposition 1 (Goddard, Hedetniemi, Hedetniemi, Harris and Rall [13]) If H
is a subgraph of G, then χρ(H) ≤ χρ(G).

Fiala and Golovach [8] proved that determining the packing chromatic number is an NP-
hard problem for trees. Determining the packing chromatic number of special subclasses
of trees is thus an interesting problem. The exact value of the packing chromatic number
of trees with diameter at most 4 was given in [13]. In the same paper, it was proved that
χρ(Tn) ≤ (n + 7)/4 for every tree Tn or order n �= 4, 8, and this bound is tight, while
χρ(Tn) ≤ 3 if n = 4 and χρ(Tn) ≤ 4 if n = 8, these two bounds being also tight.

The packing chromatic numbers of paths and cycles have been determined by Goddard
et al.:

Theorem 2 (Goddard, Hedetniemi, Hedetniemi, Harris and Rall [13])

• χρ(Pn) = 2 if n ∈ {2, 3},
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• χρ(Pn) = 3 if n ≥ 4,

• χρ(Cn) = 3 if n = 3 or n ≡ 0 (mod 4),

• χρ(Cn) = 4 if n ≥ 5 and n ≡ 1, 2, 3 (mod 4).

The corona G �K1 of a graph G is the graph obtained from G by adding a degree-one
neighbor to every vertex of G. We call such a degree-one neighbor a pendant vertex or
a pendant neighbor. More generally, for a given integer p ≥ 1, the generalized corona
G � pK1 of a graph G is the graph obtained from G by adding p pendant neighbors to
every vertex of G.

A caterpillar of length � ≥ 1 is a tree whose set of internal vertices (vertices with degree at
least 2) induces a path of length �−1, called the central path. Sloper proved the following
result:

Theorem 3 (Sloper [17]) Let CT� be a caterpillar of length �. Then χρ(CT�) ≤ 6 if
� ≤ 34, and χρ(CT�) ≤ 7 otherwise. Moreover, these two bounds are tight.

Since every generalized corona of a path is a caterpillar, we get that for every integer
p ≥ 1, χρ(Pn � pK1) ≤ 6 if n ≤ 34 and χρ(Pn � pK1) ≤ 7 otherwise.

By considering digraphs instead of undirected graphs, and using the (weak) directed dis-
tance between vertices — defined as the number of arcs in a shortest directed path linking
these vertices, in either direction — we get a natural extension of packing colorings to
digraphs. In this paper, we will consider orientations of some undirected graphs, obtained
by giving to each edge of such a graph one of its two possible orientations. The so-obtained
oriented graphs are thus digraphs having no pair of opposite arcs.

In this paper, we determine the packing chromatic number of (simple) coronae of paths and
cycles (Section 2) and of generalized coronae (for k ≥ 2) of paths and cycles (Section 3). In
Section 4, we consider the oriented version of packing colorings and determine the packing
chromatic number of oriented paths, oriented cycles and oriented generalized coronae of
paths and cycles. Some of the presented results for undirected graphs were obtained by
the first author in [15].

2 Coronae of undirected paths and cycles

We study in this section coronae of paths and cycles. We first determine the packing
chromatic number of coronae of paths. Note that any corona Pn�K1 is also a caterpillar
of length n.
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Figure 1: Optimal packing colorings of Pn �K1, 2 ≤ n ≤ 9

Theorem 4 The packing chromatic number of the corona graph Pn �K1 is given by:

χρ(Pn �K1) =

⎧⎪⎪⎨
⎪⎪⎩

2 if n = 1,
3 if n ∈ {2, 3},
4 if 4 ≤ n ≤ 9,
5 if n ≥ 10.

Proof. We obviously have χρ(P1 � K1) = χρ(P2) = 2. Optimal packing colorings of
Pn � K1 are given in Figure 1 for every n, 2 ≤ n ≤ 9. Since P2 � K1 = P4, we have
χρ(P2 � K1) = 3 by Theorem 2. It is easy to observe that the packing 3-coloring of
P3 �K1 depicted in Figure 1 is unique. Hence, if P4 �K1 would be packing 3-colorable,
this packing 3-coloring of P3�K1 would appear on the left or right hand side of P4�K1.
But in that case, the fourth vertex of the central path of P4 �K1 could not be colored.
Hence χρ(P4 �K1) = 4. Finally, since P2 �K1 is a subgraph of P3 �K1 and P4 �K1 is
a subgraph of Pn �K1 for every n, 5 ≤ n ≤ 9, all the packing colorings given in Figure 1
are optimal by Proposition 1.

Let us now consider Pn � K1 with n ≥ 10. Let x1x2 . . . xn denote the central path of
Pn � K1 and yi denote the pendant neighbor of xi for every i, 1 ≤ i ≤ n. Let π be the
4-periodic 5-coloring of Pn �K1 defined as follows (see Figure 2):

π(xi) =

⎧⎨
⎩

1 if i ≡ 1 (mod 2),
2 if i ≡ 2 (mod 4),
3 if i ≡ 0 (mod 4),

π(yi) =

⎧⎨
⎩

1 if i ≡ 0 (mod 2),
4 if i ≡ 1 (mod 4),
5 if i ≡ 3 (mod 4),
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Figure 2: Periodic packing coloring of Pn �K1, n ≥ 8
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Figure 3: Optimal packing colorings of C3 �K1 and C4 �K1

It is not difficult to check that π is indeed a packing 5-coloring of Pn�K1 and, therefore,
χρ(Pn �K1) ≤ 5 for every n ≥ 10.

To finish the proof, it is enough to prove that χρ(P10�K1) ≥ 5, thanks to Proposition 1.
This could be done by a long and tedious case analysis. By computer search, we get
that the largest packing 4-colorable corona of path is P9�K1, which admits two distinct
packing 4-colorings: one is given in Figure 1, the other one is obtained by coloring the
middle pendant vertex by 2 instead of 1. �

In [22], William, Roy and Rajasingh proved that χρ(Cn �K1) ≤ 5 for every even n ≥ 6.
We complete their result as follows:

Theorem 5 The packing chromatic number of the corona graph Cn �K1 is given by:

χρ(Cn �K1) =

{
4 if n ∈ {3, 4},
5 if n ≥ 5.

Proof. Optimal packing 4-colorings of C3 � K1 and C4 � K1 are given in Figure 3.
We claim indeed that these two coronae graphs cannot be packing 3-colored. If there
would exist such colorings then color 1 would necessarily be used for the cycle and its two
neighbors on the cycle would get colors 2 and 3. But then, it would not be possible to
color the pendant neighbor of the vertex with color 1.

Let us now consider Cn � K1 with n ≥ 5. Figure 4 describes 5-colorings of C5 � K1,
C6 � K1 and C7 � K1. Figure 5 describes “almost 4-periodic” packing 5-colorings of
Cn �K1, n ≥ 8, according to the value of n mod 4 (the leftmost pattern of length 4 can



Packing coloring of some undirected and oriented coronae graphs 41

3

1

2

1

1

5

4

1

1

2

3

1

1

5

2

1

1

3

4

1

1

2

3

1

2

1

1

4

5

1

1

3

2

1

1

4

C5 �K1 C6 �K1

C7 �K1

Figure 4: Optimal packing colorings of C5 �K1, C6 �K1 and C7 �K1

be repeated any number of times). It is not difficult to check that all these colorings are
indeed packing 5-colorings and, therefore, χρ(Cn �K1) ≤ 5 for every n ≥ 5.

It remains to prove that χρ(Cn �K1) ≥ 5 for every n ≥ 5. Assume to the contrary that
there exists a packing 4-coloring of C5�K1. By “unfolding” this coloring and considering
it as a pattern of a 5-periodic coloring for coronae of paths we obtain a packing 4-coloring
of every corona graph Pn � K1, n ≥ 5, in contradiction with Theorem 4. The same
argument proves that there is no packing 4-coloring of Cn � K1 for every n ≥ 6. This
completes the proof. �

3 Generalized coronae of undirected paths and cycles

As observed in the introduction, we know, by Theorem 3, that for every integer p ≥ 1,
χρ(Pn � pK1) ≤ 6 if n ≤ 34 and χρ(Pn � pK1) ≤ 7 otherwise.

When considering generalized coronae of paths or cycles, the following proposition is
useful:

Proposition 6 Let Pn = x1 . . . xn, n ≥ 2, be a path and Pn�pK1, p ≥ 1, be a generalized
corona of Pn. Any packing coloring π of Pn�pK1 with π(xi) = 1 for some vertex xi must
use at least p + 3 colors if 2 ≤ i ≤ n− 1, or at least p + 2 colors if i ∈ {1, n}.

Similarly, if Cn � pK1, p ≥ 3, is a generalized corona of Cn = y1 . . . yn, then any packing
coloring π′ of Cn� pK1 with π′(yi) = 1 for some vertex yi must use at least p + 3 colors.
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Cn �K1, n ≥ 8, n ≡ 3 (mod 4)

Cn �K1, n ≥ 8, n ≡ 2 (mod 4)

Cn �K1, n ≥ 8, n ≡ 1 (mod 4)
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Figure 5: Optimal packing colorings of Cn �K1, n ≥ 8
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Proof. To see that, simply note that if π(xi) = 1 then no two neighbors of xi can receive
the same color. Since the degree of xi is p + 2 if 2 ≤ i ≤ n− 1, or p + 1 if i ∈ {1, n}, the
claim follows. The proof if similar for Cn � pK1. �

In order to describe packing colorings of generalized coronae of paths and cycles, we will
use the following notation in the rest of this paper. Observe first that whenever a vertex
of the path, or the cycle, in any such graph is colored with a color distinct from 1, all
the pendant vertices attached to this vertex can be colored 1. Hence, it is necessary to
give the colors of the pendant vertices only when the color of their neighbor is 1. In
that case, these colors will be given within parenthesis, following the color 1. Such a
sequence of colors, called a pattern, can thus unambigously describe a packing coloring of
a (generalized) corona of a given path. For instance, the colorings of P4�K1 and P5�K1

given in the previous section (see Figure 1) will be denoted by 21(3)41(2) and 21(3)41(3)2,
respectively. For packing colorings of (generalized) coronae of cycles, we will put the whole
sequence of colors in brackets in order to emphasize the fact that the pattern is circular.
For instance, the colorings of C5 � K1 and C6 � K1 given in the previous section (see
Figure 4) will be denoted by [321(5)41(2)] and [31(5)21(3)41(2)], respectively.

Let u and v be two words on the alphabet of colors, such that [u] is a circular pattern.
We will say that the pattern v is compatible with [u] if [uv] is a circular pattern.

The value of the packing chromatic number of generalized coronae of paths Pn�pK1 with
p ≥ 4 is given by the following theorem:

Theorem 7 Let Pn� pK1, p ≥ 4, be a generalized corona of the path Pn. Then we have:

χρ(Pn � pK1) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

2 if n = 1,
3 if n = 2,
4 if n ∈ {3, 4},
5 if 5 ≤ n ≤ 8,
6 if 9 ≤ n ≤ 34,
7 otherwise.

Proof. If n ≤ 8, optimal packing colorings of Pn � pK1 are given by the patterns 2, 23,
234, 2342, 23425, 234253, 2342532 and 23425324, respectively.

Note that 23425324 is the longest pattern on five colors which do not use color 1 and,
moreover, none of the patterns 123425324 or 234253241 can be used for coloring P9�4K1

(the pendant neighbors of vertices with color 1 cannot be colored). Therefore, χρ(P9 �
pK1) ≥ 6. In [17], Sloper exhibited the following pattern of length 34, which uses colors 2
to 6, and proved that no such pattern of greater length exists:

23425 62342 53264 23524 62352 43265 2342.
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As before, this pattern cannot be extended by adding color 1 to the left or to the right,
so that χρ(P35 � pK1) ≥ 7. Sloper also gave the circular pattern

[23425 62342 57],

of length 12, that uses colors 2 to 7, which can be used when n ≥ 35. By Proposition 6,
all these colorings are optimal. �

The value of the packing chromatic number of generalized coronae of paths Pn � pK1,
when p ∈ {2, 3}, is given by the next two results. We will see that the maximum value of
the packing chromatic number of such graphs is 6, slightly better than the bound given in
Theorem 7. This is due to the fact that the number of pendant vertices is now bounded
by 3, which allows us to use color 1 for coloring the vertices of the path Pn.

Theorem 8 Let Pn � 2K1 be a generalized corona of the path Pn. Then we have:

χρ(Pn � 2K1) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2 if n = 1,
3 if n = 2,
4 if n ∈ {3, 4},
5 if 5 ≤ n ≤ 11,
6 otherwise.

Proof. To see that χρ(Pn�2K1) ≤ 6 for every n, it is enough to use the following circular
pattern of length 12:

[1(36)2432 56234 25].

Since Pm � pK1 is a subgraph of Pn � pK1 for all m ≤ n, every packing �-coloring of
Pn � pK1 induces a packing �-coloring of Pm � pK1. Therefore, it suffices to construct
optimal packing colorings of P1� 2K1, P2� 2K1, P4� 2K1 and P11� 2K1, to get that all
the claimed values are upper bounds. This can be done by using the patterns 2, 23, 2342
and 1(35)243251(23)4231(25), respectively.

To finish the proof, we need to show that all these bounds are tight. This is obvious for
n = 1 and this is a direct consequence of Proposition 6, for 2 ≤ n ≤ 4, since it implies
that we cannot use color 1 on the vertices of the path, so that no packing coloring using
less colors than stated in the theorem can exist in those cases. For n = 5, Proposition 6
again implies that we cannot use color 1 for the vertices of P5 in a packing 4-coloring and
it is easily checked that no such pattern exists (the longest one is 2342). Finally, we have
to check that there exists no packing 5-coloring of P12 � 2K1. We did it by means of a
computer program. �

Theorem 9 Let Pn � 3K1 be a generalized corona of the path Pn. Then we have:

χρ(Pn � 3K1) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2 if n = 1,
3 if n = 2,
4 if n ∈ {3, 4},
5 if 5 ≤ n ≤ 8,
6 otherwise.
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Proof. To see that χρ(Pn � 3K1) ≤ 6 for every n, it is enough to consider the following
circular pattern of length 14:

[1(234)5234 26325 4326].

As before, it suffices to construct optimal packing colorings of P1�3K1, P2�3K1, P4�3K1

and P8 � 3K1, to get that all the claimed values are upper bounds. This can be done by
using the patterns 2, 23, 2342 and 23425324, respectively.

To finish the proof, we need to show that all these bounds are tight. This is obvious for
n = 1 and this is a direct consequence of Proposition 6, for n ∈ {2, 3, 5, 9}, since it implies
that we cannot use color 1 on the vertices of the path. It is then not difficult to check
that the longest such patterns are the ones given above, and the result follows. �

We now turn to generalized coronae of cycles Cn � pK1. When p ≥ 4, we have the
following (note the particular case when n = 11):

Theorem 10 Let Cn � pK1, p ≥ 4, be a generalized corona of the cycle Cn. Then we
have:

χρ(Cn � pK1) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

4 if n = 3,
5 if n = 4,
6 if n ∈ {5, 6},
8 if n = 11,
7 otherwise.

Proof. Note first that by Proposition 6, since p ≥ 4, color 1 cannot be used on the
vertices of Cn in any packing coloring of Cn � pK1 using at most 6 colors.

Packing colorings of Cn�pK1, for 3 ≤ n ≤ 6, are given by the following circular patterns:

[234] [2345] [23456] [234256].

It is not difficult to check that these packing colorings are optimal.

On the other hand, a packing 8-coloring of C11 � pK1 is given by the following circular
pattern:

[23425324678].

Let us show that no packing 7-coloring of C11�pK1 can exist. If color 1 is not used then,
due to the length of the cycle, color 2 can be used at most three times, colors 3 and 4 at
most twice each, and colors 5, 6 and 7 at most once each. Hence, at most 10 vertices of
the cycle can be colored. Now, if color 1 is used on the cycle, then the pendant vertices



46 D. LAÏCHE, I. BOUCHEMAKH, E. SOPENA

must be colored 2, 3, 4 and 5, as otherwise the packing coloring cannot be extended far
enough. The coloring is then “forced” around the color 1 as . . . 43271(2345)6234 . . . . It
is then easy to check that this pattern cannot be extended to a packing 7-coloring of
C11�pK1 (the smallest extension has length 14 and is given by [43271(2345)623425362]).

Packing 7-colorings of Cn � pK1, for 7 ≤ n ≤ 15, n �= 11, are given by the following
circular patterns:

n = 7 : [2342567];
n = 8 : [23425367];
n = 9 : [234253267];

n = 10 : [2342532467];
n = 12 : [234253246257];
n = 13 : [2342532462357];
n = 14 : [23425362432576];
n = 15 : [234253264235276].

Moreover, all the above circular patterns for n ≥ 9 are compatible with the circular
pattern [23425367] of length 8. Hence, if n ≥ 16, n = 8q + r with 0 ≤ r ≤ 7, r �= 3, a
packing 7-coloring of Cn � pK1 can be obtained by combining q − 1 patterns of length 8
followed by a pattern of length q + r (if r = 0, we thus have q occurrences of the pattern
of length 8).

Finally, for n = 8q + 3, q ≥ 2, a packing 7-coloring of Cn � pK1 can be obtained by com-
bining q − 2 patterns of length 8 followed by the circular pattern [2342532462352432657]
of length 19, which is also compatible with [23425367]. This concludes the proof. �

We now consider the remaining cases, that is p ∈ {2, 3}. For p = 2, we have the following
(note the particular case when n = 9):

Theorem 11 Let Cn � 2K1 be a generalized corona of the cycle Cn. Then we have:

χρ(Cn � 2K1) =

⎧⎪⎪⎨
⎪⎪⎩

4 if n = 3,
5 if n = 4,
7 if n = 9,
6 otherwise.

Proof. The packing colorings of Cn � 2K1, for n ≤ 13, n �= 9 are given by the following



Packing coloring of some undirected and oriented coronae graphs 47

circular patterns:
n = 3 : [234];
n = 4 : [2345];
n = 5 : [23456];
n = 6 : [234256];
n = 7 : [1(23)423526];
n = 8 : [1(24)3251(24)326];

n = 10 : [1(23)41(23)523421(35)6];
n = 11 : [1(23)4231(25)624325];
n = 12 : [1(23)41(23)521(26)423526];
n = 13 : [1(23)41(23)5231(26)423526].

It is not difficult to check that these colorings are optimal for n ≤ 6. For n ≥ 7, any pack-
ing 5-coloring of Cn�2K1 would induce a packing 5-coloring of P12�2K1, in contradiction
with Theorem 8.

We now consider the case n ≥ 14. Similarly, no packing 5-coloring of Cn � 2K1 can exist
in this case. All the patterns given above for n ≥ 8 are compatible with the circular
pattern [1(23)423526] of length 7. Moreover, the pattern 423524326 of length 9 is also
compatible with the same pattern [1(23)423526]. This allows us to construct a packing
6-coloring of any generalized corona Cn� 2K1 with n ≥ 14. If n = 7q + r, with q ≥ 2 and
0 ≤ r < 7, the coloring is obtained by repeating q− 1 times the pattern u of length 7 and
adding the compatible pattern of length 7 + r (note that since the pattern u is a circular
pattern, it is compatible with itself).

The last case to consider is the case n = 9. A packing 7-coloring of C9 � 2K1 is given by
the circular pattern

[1(24)3251(24)3267].

It is then tedious but not difficult to check that C9 � 2K1 does not admit any packing
6-coloring. (The main idea is that in such a case, each of the colors 4, 5 and 6 can be
used only once on the vertices of C9 while the color 3 can be used at most twice and the
color 2 at most three times, so that color 1 has to be used on some vertex of C9; but in
that case, the colors assigned to the pendant neighbors of this vertex forces the color 1 to
be used again on the cycle, leading eventually to a contradiction.) �

Finally, for p = 3, we have the following:

Theorem 12 Let Cn � 3K1 be a generalized corona of the cycle Cn. Then we have:

χρ(Cn � 3K1) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

4 if n = 3,
5 if n = 4,
7 if n ∈ {7, . . . , 13, 15, . . . , 22, 24, . . . , 27, 30, . . . , 36, 39, 40, 41}

∪ {45, 47, . . . , 50, 53, 54, 55, 59, 62, 63, 64, 68, 77, 78, 91},
6 otherwise.
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Proof. By Theorem 10 and Proposition 1, we know that χρ(Cn � 3K1) ≤ 7 for every
n ≥ 3, n �= 11. Packing colorings of C3 � 3K1, C4 � 3K1, C5 � 3K1 and C6 � 3K1 are
given by the following circular patterns:

[234], [2345], [23456], [234256],

whose optimality is easy to check.

Table 1 gives, as circular patterns, packing 6-colorings of Cn�3K1 for every n ∈ {14, 23, 29,
38, 44, 46, 61, 67, 69, 73, 76, 82, 92} (pendant neighbors of vertices colored 1 are always as-
signed colors 2, 3 and 4). Since all these patterns begin with 152342 . . . and end with
. . . 524326, they are all pairwise compatible. Therefore, by repeating the pattern of length
14 a certain number of times, and adding one of the patterns of Table 1, we can produce
a packing 6-coloring of Cn � 3K1 in all the following cases, according to the value of n
mod 14:

• n = 14q, n ≥ 14,

• n = 14q + 1, n ≥ 29 (by repeating q − 2 times the pattern of length 14 and adding
the pattern of length 29),

• n = 14q + 2, n ≥ 44 (by repeating q − 3 times the pattern of length 14 and adding
the pattern of length 44),

• n = 14q + 3, n ≥ 73 (by repeating q − 5 times the pattern of length 14 and adding
the pattern of length 73),

• n = 14q + 4, n ≥ 46 (by repeating q − 3 times the pattern of length 14 and adding
the pattern of length 46),

• n = 14q + 5, n ≥ 61 (by repeating q − 4 times the pattern of length 14 and adding
the pattern of length 61),

• n = 14q + 6, n ≥ 76 (by repeating q − 5 times the pattern of length 14 and adding
the pattern of length 76),

• n = 14q + 7, n ≥ 105 (by repeating q− 7 times the pattern of length 14 and adding
the patterns of length 44 and 61),

• n = 14q + 8, n ≥ 92 (by repeating q − 6 times the pattern of length 14 and adding
the pattern of length 92),

• n = 14q + 9, n ≥ 23 (by repeating q − 1 times the pattern of length 14 and adding
the pattern of length 23),

• n = 14q + 10, n ≥ 38 (by repeating q− 2 times the pattern of length 14 and adding
the pattern of length 38),

• n = 14q + 11, n ≥ 67 (by repeating q− 4 times the pattern of length 14 and adding
the pattern of length 67),



Packing coloring of some undirected and oriented coronae graphs 49

n circular pattern
14 [1523426325 4326]
23 [1523426324 5236423524 326]
29 [1523426324 5236423524 623524326]
38 [1523426324 5236243251 6234253246 23524326]
44 [1523426324 5236243251 6234253264 2352462352 4326]
46 [1523426324 5236423524 3261523426 3245236423 524326]
61 [1523426324 5236243251 6234253246 2352432615 2342632452 3642352432 6]
67 [1523426324 5236243251 6234253246 2352432615 2342632452 3642352462

3524326]
69 [1523426324 5236423524 3261523426 3245236423 5243261523 4263245236

423524326]
73 [1523426324 5236243251 6234253264 2352462352 4326152342 6324523642

3524623524 326]
76 [1523426324 5236243251 6234253246 2352432615 2342632452 3624325162

3425324623 524326]
82 [1523426324 5236243251 6234253246 2352432615 2342632452 3624325162

3425326423 5246235243 26]
92 [1523426324 5236423524 3261523426 3245236423 5243261523 4263245236

4235243261 5234263245 2364235243 26]

Table 1: Circular patterns for the proof of Theorem 12

• n = 14q + 12, n ≥ 82 (by repeating q− 5 times the pattern of length 14 and adding
the pattern of length 82),

• n = 14q + 13, n ≥ 69 (by repeating q− 4 times the pattern of length 14 and adding
the pattern of length 69).

It is now easy to check that the remaining values of n, for which a packing 6-coloring
cannot be produced in this way, are exactly those given in the statement of the theorem.
The fact that, for each of these values, χρ(Cn � 3K1) = 7 has been checked by means of
a computer program. �

4 Oriented paths, oriented cycles and their general-

ized coronae

In this section, we extend the notion of packing colorings to digraphs and study the case
of oriented graphs whose underlying undirected graph is a path, a cycle, or a generalized
corona of a path or a cycle.

Let
−→
D be a digraph, with vertex set V (

−→
D) and arc set E(

−→
D). A directed path of length

k in
−→
D is a sequence u0 . . . uk of vertices of V (

−→
D) such that for every i, 0 ≤ i ≤ k − 1,
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uiui+1 is an arc in E(
−→
D). The weak directed distance between two vertices u and v in

−→
D ,

denoted d−→
D

(u, v), is the shortest length (number of arcs) of a directed path in
−→
D going

either from u to v or from v to u.

A packing k-coloring of a digraph
−→
D is a mapping π : V (

−→
D) → {1, . . . , k} such that, for

every two distinct vertices u and v, π(u) = π(v) = i implies d−→
D

(u, v) > i. The packing

chromatic number χρ(
−→
D) of

−→
D is then the smallest k such that

−→
D admits a packing

k-coloring.

A digraph
−→
O with no pair of opposite arcs, that is uv ∈ E(

−→
O ) implies vu �∈ E(

−→
O ), is

called an oriented graph. If G is an undirected graph, an orientation of G is any oriented

graph
−→
G obtained by giving to each edge of G one of its two possible orientations.

By definition, if
−→
G is any orientation of an undirected graph G then, for any two vertices

u and v in G, d−→
G

(u, v) ≤ dG(u, v). Therefore, every packing coloring of G is a packing

coloring of
−→
G . Hence, we have the following:

Proposition 13 For every orientation
−→
G of an undirected graph G, χρ(

−→
G) ≤ χρ(G).

Note also that Proposition 1 is still valid for oriented graphs:

Proposition 14 If
−→
H is a subgraph of

−→
G , then χρ(

−→
H ) ≤ χρ(

−→
G).

The characterization of oriented graphs with packing chromatic number 2 is given by the
following result:

Proposition 15 For every orientation
−→
G of an undirected graph G, χρ(

−→
G ) = 2 if and

only if (i) G is bipartite and (ii) one part of the bipartition of G contains only sources or

sinks in
−→
G .

Proof. Clearly, χρ(
−→
G ) > 2 whenever G is not bipartite. Assume thus that G is bipartite.

Since color 1 cannot be used for the central vertex of any directed path of length 2, we

get that χρ(
−→
G) = 2 if and only if all the vertices from one of the two parts are sources or

sinks in
−→
G . �

We now determine the packing chromatic number of orientations of paths, cycles, and
coronae of paths and cycles.

For oriented paths, we have the following:
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Theorem 16 Let
−→
Pn be any orientation of the path Pn = x1 . . . xn. Then, for every

n ≥ 2, 2 ≤ χρ(
−→
Pn) ≤ 3. Moreover, χρ(

−→
Pn) = 2 if and only if one part of the bipartition of

Pn contains only sources or sinks in
−→
Pn.

Proof. Since adjacent vertices cannot receive the same color, we clearly have χρ(
−→
Pn) ≥ 2

for all n ≥ 2. By Theorem 2, we know that χρ(Pn) ≤ 3 for every n ≥ 2 and thus, by

Proposition 13, we get that χρ(
−→
Pn) ≤ 3 for every n ≥ 2.

The last claim directly follows from Proposition 15. �

For oriented cycles, we have the following:

Theorem 17 Let
−→
Cn be any orientation of the cycle Cn = x0 . . . xn−1x0. Then, for every

n ≥ 3, 2 ≤ χρ(
−→
Cn) ≤ 4. Moreover,

(1) χρ(
−→
Cn) = 2 if and only if Cn is bipartite (that is, n is even) and one part of the

bipartition contains only sources or sinks in
−→
Cn.

(2) χρ(
−→
Cn) = 4 if and only if

−→
Cn is a directed cycle (all arcs have the same direction),

n ≥ 5 and n �≡ 0 (mod 4).

Proof. Since adjacent vertices cannot receive the same color, we clearly have χρ(
−→
Cn) ≥ 2

for all n ≥ 3. By Theorem 2, we know that χρ(Cn) ≤ 4 for every n ≥ 3 and thus, by

Proposition 13, we get that χρ(
−→
Cn) ≤ 4 for every n ≥ 3.

Claim (1) directly follows from Proposition 15.

Let us now consider Claim (2). By Theorem 2, we know that χρ(Cn) = 4 if and only if

n ≥ 5 and n �≡ 0 (mod 4). By Proposition 13, we get that χρ(
−→
Cn) ≤ 3 in all other cases.

Thus suppose that n ≥ 5 and n �≡ 0 (mod 4). If
−→
Cn is a directed cycle, with all arcs

having the same direction, then d−→
Cn

(xi, xj) = dCn(xixj) for every 0 ≤ i, j ≤ n − 1 and

thus χρ(
−→
Cn) = 4. If

−→
Cn is not a directed cycle, it contains a source vertex, say x0 without

loss of generality. We will prove that, in this case,
−→
Cn admits a packing 3-coloring.

We consider three cases:

• If n ≡ 1 (mod 4), a packing 3-coloring of
−→
Cn is given by the following pattern:

1231 | 2131 | . . . | 2131 | 2.
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Figure 6: Packing colorings for the proof of Theorem 18

• If n ≡ 2 (mod 4), a packing 3-coloring of
−→
Cn is given by the following pattern:

1 | 2131 | . . . | 2131 | 2.

• If n ≡ 3 (mod 4), a packing 3-coloring of
−→
Cn is given by the following pattern:

13 | 1213 | . . . | 1213 | 2.

This completes the proof. �

For orientations of generalized coronae of paths, we have the following:

Theorem 18 Let
−→
G be any orientation of a generalized corona Pn � pK1, with p ≥ 1

and Pn = x1 . . . xn. Then, for every n ≥ 1, 2 ≤ χρ(
−→
G) ≤ 3. Moreover, χρ(

−→
G) = 2 if and

only if one part of the bipartition of Pn � pK1 contains only sources or sinks in
−→
G .

Proof. Since a packing coloring is a proper coloring, we clearly have χρ(
−→
G ) ≥ 2 for every

orientation
−→
G of Pn � pK1, n, p ≥ 1.

We first consider the case p = 1. For any orientation
−→
G of P1�K1, the coloring given by

the pattern 1(2), is clearly a packing 2-coloring of
−→
G . Assume now that n ≥ 2 and let

−→
G

be any orientation of Pn�K1. Let z1, . . . , zn denote the pendant vertices associated with

x1, . . . , xn, respectively. We will construct inductively a packing 3-coloring π of
−→
G . We

first set π(x1) := 1 and π(z1) := 2. Assume now that all the vertices x1, z1, . . . , xi, zi,
1 ≤ i ≤ n− 1 have been colored in such a way that π(xi) = 1 if and only if i is odd and
π(zi) = 1 if and only if i is even. Then, use the following rule:

• If π(xi) = 1 then set π(xi+1) := 5 − π(zi) if zixixi+1 is a directed path (in either
direction) and π(xi+1) := π(zi) otherwise. In both cases, set π(zi+1) := 1.

• If π(xi) �= 1 then set π(zi+1) := 5− π(xi) if xixi+1zi+1 is a directed path (in either
direction) and π(zi+1) := π(xi) otherwise. In both cases, set π(xi+1) := 1.
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Figure 7: Configuration for the proof of Theorem 19

The coloring π thus obtained (see Figure 6(a) for an example) has the following property:

(P) every vertex with color 1 is such that all its in-neighbors have the same color α ∈
{2, 3} and all its out-neighbors have the same color 5− α ∈ {2, 3}.

The coloring π is thus a packing 3-coloring of
−→
G .

Consider now the case p ≥ 2. We first color the vertices x1, . . . , xn and one of their
pendant neighbors using the procedure described above, and then color the remaining
pendant vertices in such a way that property (P) is satisfied. Hence, all pendant neighbors
of a vertex with color 2 or 3 will be colored 1, and all pendant neighbors of a vertex with
color 1 will be colored 2 or 3, depending on the orientation of the corresponding arc (see
Figure 6(b) for an example).

The last claim directly follows from Proposition 15. �

Finally, for orientations of generalized coronae of cycles, we have the following:

Theorem 19 Let
−→
G be any orientation of a generalized corona Cn � pK1, with p ≥ 1

and Cn = x0 . . . xn−1. Then, for every n ≥ 3, 2 ≤ χρ(
−→
G ) ≤ 4. Moreover,

(1) χρ(
−→
G ) = 2 if and only if Cn � pK1 is bipartite (that is, n is even) and one part of

the bipartition contains only sources or sinks in
−→
G .

(2) χρ(
−→
G ) = 4 if and only if either:

(2.1)
−→
Cn is a directed cycle, n ≥ 5 and n �≡ 0 (mod 4), or

(2.2)
−→
G contains the oriented graph depicted in Figure 7 as a subgraph, or

(2.3) n ≡ 0 (mod 4) and there exists a vertex xi, 0 ≤ i ≤ n− 1, such that the paths
xixi+1xi+2xi+3 and xi+4 . . . xi−1(indices are taken modulo n) are both directed
paths, but in opposite direction.

Before proving this theorem, we introduce a useful coloring procedure, called standard
coloring procedure (SCP for short), that produces a coloring π of an orientation of the
path Pn = x1 . . . xn:
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1 −→ 2 −→ 1 ←− 2 ←− 1 ←− 3 −→ 1 −→ 2 −→ (1)

3 −→ 1 −→ 2 −→ 1 ←− 2 ←− 1 ←− 3 ←− 1 −→ (3)

Figure 8: Sample colorings produced by SCP

1. Assume (c, c′) ∈ {1, 2, 3}2, with |{c, c′} ∩ {1}| = 1, and S ⊆ V (Pn) are given.

2. Set π(x1) := c and π(x2) := c′.

3. For j = 3, . . . , n, set π(xj) := 1 if π(xj−1) �= 1, π(xj) := π(xj−2) if π(xj−1) = 1 and
xj−1 ∈ S, and π(xj) := 5− π(xj−2) otherwise.

Figure 8 shows colorings of two orientations of P8 = x1 . . . x8 produced by SCP, with
(c, c′) = (1, 2) and S = {x3}, and with (c, c′) = (3, 1) and S = {x4, x8}, respectively.
Note that SCP always produces a packing 3-coloring of the path x1 . . . xn, but not nec-

essarily a packing 3-coloring of
−→
Cn, and that the only possible conflicts lie on the path

xn−2xn−1xnx1x2x3 (such conflicts may appear when a directed path of length 2 or 3 con-
tains x1 as an internal vertex). For instance, the second example depicted in Figure 8 is

a packing 3-coloring of
−→
C8, while the first one is not.

Observe that if c = 1 (resp. c′ = 1) SCP assigns color 1 to every vertex xj such that j is
odd (resp. even), and colors 2 and 3 alternate on other vertices whenever S is empty. If
S is not empty, we have |S|, or |S| − 1 if x1 ∈ S and c = 1 (resp. x2 ∈ S and c′ = 1),
places where the color 2 or 3 is duplicated. Hence, we have the following:

Proposition 20 Let
−→
Pn be any orientation of the path Pn = x1 . . . xn of odd length n− 1

and S be a set of sources or sinks in
−→
Pn with odd indices not containing x1. Consider the

coloring π of
−→
Pn produced by SCP with (c, c′) = (1, α) for some α ∈ {2, 3} and S. Then

we have:

(i) π(xn) = α if |S| is even (resp. odd) and n ≡ 2 (mod 4) (resp. n ≡ 0 (mod 4)),

(ii) π(xn) = 5− α otherwise.

Proof. This directly follows from the above discussion. �

Proof. [of Theorem 19] Since a packing coloring is a proper coloring, we clearly have

χρ(
−→
G ) ≥ 2 for every orientation

−→
G of Cn � pK1, n ≥ 3, p ≥ 1.
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Let
−→
G be any orientation of Cn� pK1 and

−→
Cn be the orientation of the cycle Cn induced

by
−→
G . Denote by zj

i , 1 ≤ j ≤ p, the pendant neighbors of xi, 0 ≤ i ≤ n− 1. We consider
two cases.

If
−→
Cn contains a source vertex, say x0 without loss of generality, then, by Theorem 18,

there exists a packing 3-coloring of
−→
G \ {x0, z

1
0 , . . . , z

p
0}. Since x0 is a source, this packing

coloring can be extended to a packing 4-coloring of
−→
G by coloring x0 with color 4 and all

vertices zj
0, 1 ≤ j ≤ p, with color 1.

If
−→
Cn does not contain any source vertex then

−→
Cn is a directed cycle. By Theorem 17,

we know that there exists a packing 4-coloring π of
−→
Cn. This packing coloring can be

extended to a packing 4-coloring of
−→
G by coloring every pendant vertex zj

i , 0 ≤ i ≤ n−1,

1 ≤ j ≤ p, by π(xi−1) if zj
i xi is an arc in

−→
G and by π(xi+1) otherwise (indices are taken

modulo n). Hence, χρ(
−→
G) ≤ 4 for every orientation

−→
G of Cn � pK1, n ≥ 3, p ≥ 1.

Claim (1) directly follows from Proposition 15.

We now consider Claim (2). If χρ(
−→
Cn) = 4 (which happens, by Theorem 17, if and only

if
−→
Cn is a directed cycle, n ≥ 5 and n �≡ 0 (mod 4)) then, by Proposition 14, χρ(

−→
G ) = 4

(condition 2.1 of the theorem).

If χρ(
−→
Cn) = 2 (which happens, by Theorem 17, if and only if n is even and the orientation−→

Cn of Cn is alternating) then we clearly have χρ(
−→
G) ≤ 3 since both colors 2 and 3 are

available for pendant neighbors of vertices colored 1.

Suppose therefore that χρ(
−→
Cn) = 3. If

−→
Cn is a directed cycle, which implies n ≡ 0

(mod 4), then the packing 3-coloring given by the circular pattern [1213] can be extended

to a packing 3-coloring of
−→
G , as in the proof of Theorem 18.

Assume now that
−→
Cn is not a directed cycle and let π be a packing 3-coloring of

−→
Cn.

This coloring can be extended to a packing 3-coloring of
−→
G except if there exists three

consecutive vertices xi−1xixi+1 (indices are taken modulo n) such that (i) xi is a source

(resp. a sink) in
−→
Cn but not in

−→
G , and (ii) π(xi) = 1 and {π(xi−1), π(xi+1)} = {2, 3}.

Indeed, if such a case occurs, none of the colors from the set {1, 2, 3} can be assigned to
a pendant out-neighbor (resp. in-neighbor) of xi. Otherwise, the packing 3-coloring of−→
Cn can be extended to a packing 3-coloring of

−→
G by (i) assigning color 1 to all pendant

neighbors of vertices colored 2 or 3, (ii) assigning the color π(xi−1) to every pendant

out-neighbor (resp. in-neighbor) of a source (resp. a sink) vertex xi of
−→
G and the color

5− π(xi−1) to its in-neighbors (resp. out-neighbors), and (iii) assigning the color π(xi−1)
to every pendant in-neighbor (resp. out-neighbor) of a vertex xi which is neither a source

nor a sink in
−→
G , and the color π(xi+1) to its out-neighbors (resp. in-neighbors), whenever

xi−1xixi+1 (resp. xi+1xixi−1) is a directed path.
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We thus need to determine in which cases the orientation
−→
Cn of Cn can be colored in such

a way that such a situation does not occur. Such colorings will be called good packing
colorings.

For any subset X of V (Cn), we denote by S(X) the subset of X containing all the vertices

that are either a source or a sink in
−→
Cn, and by S∗(X) the subset of S(X) containing all

the vertices that are neither a source nor a sink in
−→
G . Hence, S∗(V (Cn)) is precisely

the set of vertices we must care about. Obviously, if S∗(V (Cn)) is empty, every packing

3-coloring of
−→
Cn is good. We thus assume in the rest of the proof that S∗(V (Cn)) is not

empty. Note also that |S(V (Cn))| is even for every orientation
−→
Cn of Cn.

In the following, we will construct good packing 3-colorings, when this is possible, using

SCP with an adequate set S either on the whole cycle
−→
Cn or on part of it.

We consider four cases, according to the value of n mod 4:

• Case 1: n ≡ 0 (mod 4).
Consider first the case n = 4. The only possible packing 3-coloring of any orientation−→
C4 of Cn with χρ(

−→
C4) = 3 is 1213. It is then easy to check that the only orientation−→

C4 of C4 for which we cannot produce a good packing 3-coloring is the one given in
Figure 7. In the following, we can thus assume n ≥ 8.

Since n is even, Cn is bipartite. Let (A, B) denote the bipartition of V (Cn). If
|S∗(A)| is even or |S∗(B)| is even, a good coloring can be obtained by means of
SCP. Suppose without loss of generality that A = {x0, x2, . . . , xn−2} and |S∗(A)| is
even. Consider the coloring π produced by SCP, starting at x0, with (c, c′) = (1, 2)
and S = S∗(A). Since n ≡ 0 (mod 4) and |S∗(A)| is even, by Proposition 20, π is

a good packing 3-coloring of
−→
Cn.

If both |S∗(A)| and |S∗(B)| are odd, but S(A) \S∗(A) �= ∅ or S(B) \S∗(B) �= ∅, we
can proceed in a similar way by using, without loss of generality, the set S ′(A) =
S∗(A)∪ {x2j}, for some vertex x2j ∈ S(A) \ S∗(A), instead of the set S∗(A) in SCP
since |S ′(A)| is even.

Finally, suppose that both |S∗(A)| and |S∗(B)| are odd, S(A) = S∗(A) and S(B) =

S∗(B), that is, every source or sink in
−→
Cn is neither a source nor a sink in

−→
G . We

consider two cases:

– |S∗(A)| = |S∗(B)| = 1.
Without loss of generality, we may assume that x0 is a source and xi, for some
odd i, 1 ≤ i ≤ n−1, is a sink. Hence, x0 . . . xi and xn−1 . . . xi are both directed

paths of odd length in
−→
Cn. Suppose first that i = 1, that is, x0 is a source and

x1 is a sink. A good packing 3-coloring of
−→
Cn is then given by the following

pattern (the colors of x0 and xi = x1 are dotted):

[1̇2̇ 3121 . . . 3121 32].
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Similarly, if i ≡ 1 (mod 4), a good packing 3-coloring of
−→
Cn is then given by:

[1̇ 2131 . . . 2131 2̇ 3121 . . . 3121 32].

Now, if i ≡ 3 (mod 4), i ≥ 7, a good packing 3-coloring of
−→
Cn is given by:

[1̇23 1213 . . . 1213 2̇ 1312 . . . 1312].

The remaining case is i = 3, which corresponds to condition (2.3) of the the-

orem. We will prove that in that case
−→
Cn does not admit any good pack-

ing 3-coloring, which implies χρ(
−→
Cn) = 4. Note first that the directed path−→

P = x0xn−1 . . . x3 has length n− 3 ≡ 1 (mod 4). Let us consider the possible

packing 3-colorings of
−→
P . Clearly, the pattern 123 can only be used on the

left end of
−→
P , while the pattern 321 can only be used on the right end of

−→
P .

Moreover, the only circular good pattern is [1213]. Therefore, up to mirror

symmetry (reversing the orientation of every arc of
−→
Cn gives the same oriented

graph), there are six possible packing 3-colorings of
−→
P , given by the following

patterns:
1213 . . . 1213 12,

1213 . . . 1213 21,

123 1213 . . . 1213 121,

2131 . . . 2131 21,

3121 . . . 3121 31,

3121 . . . 3121 32.

It is then not difficult to check that none of these colorings can be extended

to a good packing 3-coloring of
−→
Cn, as shown by the following diagrams (the

colors of x0 and x3 are dotted):

2 ←− 1̇ −→ ? −→ ? −→ 2̇ ←− 1

2 ←− 1̇ −→ ? −→ ? −→ 1̇ ←− 2

2 ←− 1̇ −→ ? −→ ? −→ 1̇ ←− 2

1 ←− 2̇ −→ ? −→ ? −→ 1̇ ←− 2

1 ←− 3̇ −→ ? −→ ? −→ 1̇ ←− 3

1 ←− 3̇ −→ ? −→ ? −→ 2̇ ←− 3

– |S∗(A)| ≥ 3 or |S∗(B)| ≥ 3.
Suppose |S∗(A)| ≥ 3, without loss of generality. Since n ≡ 0 (mod 4) and
both |S∗(A)| and |S∗(B)| are odd, by Proposition 20, applying SCP starting
at x0 leads in all cases to a “bad” coloring, that assigns to xn−1x0x1 either
the pattern 213 or 312 if x0 ∈ S∗(A), or the pattern 212 or 313 otherwise (in
that case, xn−1x0x1 is a directed path, in either direction). We thus need to
“correct” this bad coloring, which can be done by replacing a sequence 1α . . . β1
of the coloring produced by SCP by 1α . . . β ′1 with β ′ = 5− β.

We consider three subcases.
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1. There exist a ∈ S∗(A) and b ∈ S∗(B) with d−→
Cn

(a, b) = 1.
We may assume without loss of generality that a = xi is a source and
b = xi+1 is a sink. Hence, we have the following configuration (— stands
for an arc in either direction):

— ←− a −→ b ←− — —

Consider the following coloring of this configuration (the colors of a and b
are dotted):

1 — 3 ←− 2̇ −→ 1̇ ←− 2 — 3 — 1

If the vertex to the right of b is not a source, the remaining part of the cycle
is not empty (since n ≡ 0 (mod 4)) and this coloring can be extended to

a good packing 3-coloring of
−→
Cn by means of SCP. To see that, observe

that SCP would have produced the following bad coloring on the same
configuration (the bad color which implies our claim, since our coloring
has modified this color, appears in bold):

1 — 3 ←− 1̇ −→ 3̇ ←− 1 ←− 2 — 1

We finally claim that we can always find some i such that xi ∈ S∗(A) (resp.
xi ∈ S∗(B)), xi+1 ∈ S∗(B) (resp. xi+1 ∈ S∗(A)) and xi+2 /∈ S∗(A) (resp.
xi+2 /∈ S∗(B)). This simply follows from the fact that if no such i exists,

then the orientation
−→
Cn of Cn is alternating, which implies χρ(

−→
Cn) = 2,

contrary to our assumption.

2. There exist a ∈ S∗(A) and b ∈ S∗(B) with d−→
Cn

(a, b) ≡ 1 (mod 4), d−→
Cn

(a, b) ≥
5, and Subcase 1 does not occur.
Again, we assume without loss of generality that a = xi is a source and
b = xj is a sink. Since subcase 1 does not occur, we necessarily have the
following configuration:

←− ←− a −→ −→ . . . −→ −→ −→ b ←− ←−
We then color this configuration as follows (the pattern 2131 is repeated
as many times as necessary):

1 — 3 ←− 2 ←− 1̇ −→ (2131)∗ −→ 2̇ ←− 3 ←− 1

As in the previous subcase, the remaining part of the cycle is not empty.

Hence, this coloring can be extended to a good packing 3-coloring of
−→
Cn by

means of SCP, since SCP would have produced the following bad coloring
on the same configuration:

1 — 3 ←− 1 ←− 2̇ −→ (1312)∗ −→ 1̇ ←− 2 ←− 1

3. There exist a ∈ S∗(A) and b ∈ S∗(B) with d−→
Cn

(a, b) ≡ 3 (mod 4), d−→
Cn

(a, b) ≥
7, and Subcases 1 and 2 do not occur.
This subcase can be solved similarly as the previous one. We have the
following configuration:

←− a −→ −→ −→ . . . −→ −→ −→ −→ b ←−
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for which we use the following coloring:

1 ←− 2̇ −→ 3 −→ (1213)∗ −→ 2 −→ 1̇ ←− 2

Again, the remaining part of the cycle is not empty and this coloring can

be extended to a good packing 3-coloring of
−→
Cn by means of SCP, since

SCP would have produced the following bad coloring on the configuration:

1 ←− 2̇ −→ 1 −→ (3121)∗ −→ 3 −→ 1̇ ←− 3

4. None of the previous cases occurs.
If none of the previous cases occurs, then the vertices of S∗(A) and S∗(B)

necessarily alternate on
−→
Cn and the weak directed distance between any

two consecutive such vertices equals 3. Hence,
−→
Cn is a sequence of directed

paths of length 3 in opposite directions. Since |S∗(A)| = |S(A)| is odd, the
length of Cn equals 6k for some odd k, which contradicts the assumption
n ≡ 0 (mod 4). Therefore, this last subcase cannot occur.

• Case 2: n ≡ 2 (mod 4).
In this case Cn is again bipartite and, using the same procedure as in Case 1, a good

packing 3-coloring of
−→
Cn can be produced whenever (i) |S∗(A)| or |S∗(B)| is odd, or

(ii) both |S∗(A)| and |S∗(B)| are even, but S(A) \ S∗(A) �= ∅ or S(B) \ S∗(B) �= ∅,
where (A, B) denotes the bipartition of V (Cn).

Suppose now that both |S∗(A)| and |S∗(B)| are even (they cannot be both equal
to 0), S(A) = S∗(A) and S(B) = S∗(B). In that case, SCP produces a bad coloring

of
−→
Cn and this coloring can be “corrected” in exactly the same way as in Case 1

since, for doing that, we only need n to be even.

• Case 3: n is odd.
Consider the set S = S(V (Cn)), that is the set of vertices that are either a source

or a sink in
−→
Cn. Without loss of generality, suppose that x0 is a source and consider

the coloring π produced by SCP on the path x0x1 . . . xn−1, starting at x0, with

(c, c′) = (2, 1) and S. If π(xn−1) = 3, π is a packing 3-coloring of
−→
G , of the form

21 . . . 13, and we are done.

If π(xn−1) = 2 (π is not a packing coloring of
−→
G ), consider the coloring π′ produced

by SCP on the path x1x2 . . . xn−1x0, starting at x1, with (c, c′) = (3, 1) and S. Let
now X denote the set of sources or sinks which are assigned color 1 by π, and X ′ the
set of sources or sinks which are assigned color 1 by π′. We clearly have X ∩X ′ = ∅
and X ∪X ′ = S \ {x0} (since x0 is a source, π(x0) �= 1 and π′(x0) �= 1). Therefore,
since |S| is even, we get that |X[ and |X ′| do not have the same parity. Hence, since
π(x0) = 2 and π(xn−1) = 2, starting with π′(x1) = 3 necessarily gives π′(x0) = 2.

This proves that π′ is a good packing 3-coloring of
−→
G , of the form 231 . . . 1.

This concludes the proof. �
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5 Discussion

In this paper, we have determined the packing chromatic number of coronae and gener-
alized coronae of paths and cycles. We also extended to digraphs the notion of packing
coloring and determined the packing chromatic number of orientations of such graphs.

In particular, we have proved that every orientation of a generalized corona of a path
admits a packing 3-coloring. Using a similar proof, it is not difficult to extend this result
to the more general case of oriented trees (we can inductively construct a packing coloring
satisfying the property (P) such that vertices with color 1 correspond to one part of the
bipartition of the tree). Hence, we also have:

Theorem 21 Let T be a tree. For any orientation
−→
T of T , χρ(

−→
T ) ≤ 3.

Since every caterpillar is a tree, we get that every oriented caterpillar has packing chro-
matic number at most 3. However, we leave as an open question the characterization of
undirected caterpillars with packing chromatic number at most 4, 5 and 6 (by Theorem 3
we know that every caterpillar has packing chromatic number at most 7 and characterizing
caterpillars with packing chromatic number at most 2 or 3 is easy).
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ing LaBRI, thanks to a seven-months PROFAS-B+ grant cofunded by the Algerian and
French governments, while part of this work has been done while the second author was
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62 D. LAÏCHE, I. BOUCHEMAKH, E. SOPENA

[21] A. William, I. Rajasingh and S. Roy. Packing chromatic number of enhanced hy-
percubes. International Journal of Mathematics and its Applications 2 (2014), no. 3,
1–6.

[22] A. William, S. Roy and I. Rajasingh. Packing chromatic number of cycle related
graphs. International Journal of Mathematics and Soft Computing 4 (2014), no. 1,
27–33.



Availaible on line at http://www.liforce.usthb.dz

bulletin-liforce@usthb.dz

Bulletin du Laboratoire 06 (2015) 63 - 76

On the dual König property of the
order-interval hypergraph of two classes

of N-free posets

Isma BOUCHEMAKH1, Fatma KACI2∗

1Faculty of Mathematics, Laboratory L’IFORCE,
University of Sciences and Technology Houari Boumediene (USTHB),

B.P. 32 El-Alia, Bab-Ezzouar, 16111 Algiers, Algeria.

2 L’IFORCE Laboratory, Mohamed Khider University of Biskra,
Department of Mathematics, 07000, Algeria.

Abstract: Let P be a finite N-free poset. We consider the hypergraph H(P )
whose vertices are the elements of P and whose edges are the maximal intervals
of P. We study the dual König property of H(P ) in two subclasses of N-free
class.

Keywords: Poset, interval, N-free, hypergraph, König property, dual König
property

∗Corresponding author: kaci fatma2000@yahoo.fr



64 I. BOUCHEMAKH, F. KACI

1 Introduction

Let (P,≤) be a finite partially ordered set (briefly poset P ). A subset of X is called a
chain (resp. antichain) if every two elements in X are comparable ( resp. incomparable).
The number of elements in a chain is the length of the chain. The height of an element
x ∈ P , denoted by h(x), is the length of a longest chain in P having x as its maximum
element. The height of a poset P , denoted h(P), is the length of a longest chain in P .
The i-level or height-i-set of P , denoted by Ni, is the set of all elements of P which have
height i.

Let p and q be two elements of P . We say q covers p and we denote p ≺ q, if p ≺ v ≤ q
implies v = q. Furthermore we denote by MaxP (resp. MinP ) the set of all maximal
(resp. minimal) elements of P . A subset I of P of the form I = {v ∈ P, p ≤ v ≤ q}
(denoted [p, q]) is called an interval. It is maximal if p (resp. q) is a minimal (resp.
maximal) element of P . Denote by I(P ) the family of maximal intervals of P. The
hypergraph H(P )=(P,I(P )) whose vertices are the elements of P and whose edges are
the maximal intervals of P is said to be the order-interval hypergraph of P.

A subset A (resp. T ) of P is called independent (resp. a point cover or transversal set)
if every edge of H contains at most one point of A (resp. at least one point of T ). A
subset M (resp. R) of I is called a matching (resp. an edge cover) if every point of P
is contained in at most one member of M (resp. at least one member of member of R).
Let

α(H) = max{|A| : A is independent},
τ(H)) = min{|T | : T is a point cover},
ν(H) = max{|M| : M is a matching},
ρ(H) = min{|R| : R is an edge cover}.

These numbers are called the independence number, the point covering number, the match-
ing number, and the edge covering number of H(P ), respectively. It is easy to see that
ν(H) ≤ τ(H) and α(H) ≤ ρ(H). We say that H has the König property if ν(M) = τ(M)
and dual König property if ν(H∗) = τ(H∗), i.e., α(H) = ρ(H) since α(H) = ν(H∗) and
ρ(H) = τ(H∗). This class of hypergraphs has been studied intensively in the past and
we find interesting results from an algorithmic point of view as well as min-max relations
[2]-[7] and [9].

Let P1 = (E1,≤1) and P2 = (E2,≤2) be two posets such that E1 and E2 are disjoint. The
disjoint sum P1 + P2 of P1 and P2 is the poset defined on E1 ∪ E2 such that x ≤ y in
P1 + P2 if and only if (x, y ∈ P1 and x ≤1 y) or (x, y ∈ P2 and x ≤2 y ). The linear sum
P1 ⊕ P2 of P1 and P2 is the poset defined on E1 ∪ E2 such that x ≤ y in P1 ⊕ P2 if and
only if (x, y ∈ P1 and x ≤1 y ) or (x, y ∈ P2 and x ≤2 y ) or (x ∈ P1 and y ∈ P2).

Let A ⊆ MaxP1 and B ⊆ MinP2 with A and B are not empty. The quasi-series com-
position of P1 and P2 denoted P = (P1, A) ∗ (P2, B) is the poset P = (E1 ∪ E2,≤) such
that: x ≤ y if ( x, y ∈ E1 and x ≤1 y ) or ( x, y ∈ E2 and x ≤2 y ) or ( x ∈ E1 , y ∈ E2

and there exist α ∈ A, β ∈ B such that x ≤1 α and β ≤2 y.
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2 N-free poset

A poset P is said to be series-parallel poset, if it can be constructed from singletons P0

(P0 is the poset having only one element) using only two operations: disjoint sum and
linear sum. It may be characterized by the fact that it does not contain the poset N as
an induced subposet [14], [15]. P is called N-free if and only if its Hasse diagram does
not contain four vertices v1, v2, v3, v4, where v1 ≺ v2, v2 Â v3 and v3 ≺ v4, and v1 and v4,
v1 and v3, v2 and v4, are incomparable. The class of N-free posets contains the class of
series-parallel posets. Habib and Jegou in [12] defined the Quasi- Series-Parallel (QSP
for short) class of posets, as the smallest class of posets that contains P0 and closed under
quasi-series composition and lineair sum. They proved that a poset is N-free if and only
if it is QSP poset. The following theorem gives many other characterizations of N-free
posets ( see [11] , [12] and [13]):

Theorem 1 The four following properties are equivalent:

i) P is QSP.

ii) P is an N-free poset.

iii) P is a C.A.C. (Chain-Antichain Complete) order (i.e. every maximal chain inter-
sects each maximal antichains).

iv) The Hasse diagram of P is a line-digraph.

v) For every two elements p, q ∈ P , if N(p)∩N(q) 6= ∅ then N(p) = N(q), where N(p)
denoted the set of all elements of P which cover p in P .

It is known that the order-interval hypergraph H(P ) has the König and dual König
properties for the class of series-parallel posets [5]. In [6], it is proved that H(P ) has again
the dual König property for the class of a posets that contains the series-parallel posets
and whose members have comparability graphs which are distance-hereditary graphs or
generalizations of them. If P is an N-free poset, the König property is not satisfied in

Figure 1: ν(H(P )) = 1 and τ(H(P )) = 2
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general see [6]. The poset of Figure 1 is an example where ν(H(P )) = 1, τ(H(P )) = 2.
In this paper, we consider two classes of N-free posets and prove that the dual König
property of the order-interval hypergraph of these classes of posets are satisfied.

2.1 Blocks in an N-free poset

There is a useful representation of an N-free poset, namely the block ( see [1]). If P is
an N-free poset with levels N1.., Nr, a block of P is maximal complete bipartite graph in
the Hasse diagram of P . More precisely, a block of P is a pair (Ai, Bi), where Ai, Bi ⊂ P
such that Ai is the set of all lower covers of every x ∈ Bi and Bi is the set of all upper
covers of every y ∈ Ai. By convention (∅,MinP ) and (MaxP, ∅) are blocks

In this paper, we say that (Ai, Bi) and (Aj, Bj) are adjacent if there exists at least one
vertex of Ai ∪ Bi in the same interval in P with at least one vertex of Aj ∪ Bj. For
example, the blocks ({b}, {c, e}) and ({a, c}, {d}) of poset of Figure 2 are adjacent.

a b 

c 

d e 

Figure 2: P is N-free with blocks (∅, {a, b}), ({b}, {c, e}), ({a, c}, {d}) and ({d, e}, ∅) .

2.2 N-free poset of Type 1

Definition 1 Let P be a connected poset with levels N1,N2,...Nr. We say that P is of
Type 1 if there exists an integer n such that the induced subposet Pn,n+1 formed from the
consecutive levels Nn ∪Nn+1 is of the form Nn ⊕Nn+1.

For the class of posets of Type 1, we give the following result:

Theorem 2 Let P be a poset of Type 1. Then H(P ) has the dual König property and we
have: α(H(P )) = ρ(H(P )) = Max {|MaxP |, |MinP |}.

Proof. We denote by MinP = {a1, a2, ..., ak} and MaxP = {b1, b2, ..., bl}. Consider the
family of edges I ofH(P ) such that I = {[aj, bj], j = 1, . . . , k}∪{[ak, bj], j = k+1, . . . , l} if
k ≤ l and I = {[aj, bj], j = 1, . . . , l}∪{[aj, bl], j = l+1, . . . , k} if k > l. It is not difficult to
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see that I is an edge-covering family ofH(P ) of cardinal equal to Max{|MaxP |, |MinP |}.
Hence, α(H(P )) = ρ(H(P )) = Max {|MaxP |, |MinP |} ¤

In particular, the order-interval hypergraph of the N-free poset of Type 1 has the dual
König property.

3 N-free poset of Type 2

Definitions

1. Let P be a connected poset with levels N1,N2,...Nr. We say that P is an N-free
poset of Type 2, if there exists an integer n such that Nn is the first level where
the induced subposet P1,n is disconnected of the form Pn,r = P1 + P2 + ... + Pl, and
∀i ∈ L = {1, .., l}, Pi is connected poset of Type 1.

2. We say that the subposet Pi is linked with the subposet Pj by a vertex z of N1, if we
can obtain intervals of the form [z, x] and [z, y] for each x ∈ MaxPi and y ∈ MaxPj,
and we say z links Pi with Pj.

3. We say that Pi is linked with Pj by the subset R of N1, if for every element z of R,
z links Pi with Pj.

Example 1 The poset P of Figure ?? is N-free of Type 2; it is easy to see that N2 is
the first level where P2,3 = P1 + P2 is disconnected poset with P1and P2 are of Type 1.
On the other hand, Q is an N-free poset but not of Type 2.

N

N

N

3

2

1

P
P

1

2

N 4
Q

1
2

P Q

Q

In order to prove the dual König property of H(P ), where P is N-free of Type 2, let us
introduce the following notations:
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Notation

1. For every subposet Pk, we denote by Rk the subset of N1, where every element of
Rk is comparable with all elements of MaxPk, and Rk does not link Pk with any
other poset Ps, s ∈ L. The set Rk can be empty.

2. For every subposet Pk, we denote by R′
ik, i ∈ Ik = {1, 2, ..., |N1|}, the subset of N1

which links Pk with the same family of poset {Ps}s∈L. We can obtain R′
ik = R′

jl for
i 6= j and k 6= l.

Observation 3 The family {R′
ik}k∈L,i∈Ik

is pairwise disjoint.

To illustrate the classe of N-free posets of Type 2, see Figure 3.

P
1

P P P
2 m l

Block

Block

Block 

Block

R R’ R’ R’ R’ R
1 l1 1 2 1 m 1 m 2

Figure 3: Illustration of an N-free poset of Type 2

3.1 Maximal stable sets of H(P )

In our poset, it is clear that for a linked subposet family Fk = {Pl}l∈L , we can obtain
blocks (Ai, Bi) in the level Nn−j, for j ∈ {0, 1, ..., n−1}, i.e. Bi intersects Nn−j, and every
element x of Ai, x links a subfamily Fs of Fk, we say (Ai, Bi) links Fs. Such blocks must
exist in Nn since P is N-free poset of Type 2.

We can note the following observation:

Observation 4 For every block (Ai, Bi) which links Fs, Bi has the following partition:

Bi =
⋃
t∈T

Bi,t

Where ∀x ∈ Bi,t, x is comparable with a vertex of MinPt, where Pt ∈ Fs, and |Fs| = |T |
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Let us now give two algorithms to find maximal stable sets of an N-free poset of Type 2,
the second algorithm can be applied only after the first.

Maximal Stable-set 1 Algorithm

INPUT: An N-free poset P of Type 2. F1, F2, . . . , Fm all linked subposet families of P .

OUTPUT: Maximal stable set of H(P ).

1. Foreach k, from k = 1 to m.

2. Foreach j, from j = 0 to n− 1, in Nn−j we determine Ck,j by taking for every block
(Ai, Bi) which links a subfamily of Fk, one vertex from each Bi,t such that:

i) If there exists a family {Bi,t}i from block family which are adjacent pairwise,
we take only one vertex from only one set {Bi,t}i.

ii) We delete every vertex which is in the same interval with a vertex of Ck,t, t < j.

3. Put Ck =
⋃n−1

j=0 Ck,j.

4. Output C = (
⋃m

k=1 Ck) ∪ (
⋃

l∈L Rl). End

Theorem 5 The set C is maximal stable set of H(P ).

Proof. C is a stable set by construction of every Ck. It remains the maximality of C.
We say that an interval I crosses a block (Ai, Bi) if I intersects Bi. Let us show that for
every interval I of P , I contains one vertex of C, and this means that for every x ∈ P ,
C ∪ {x} will not be a stable set.
In the case where I does not cross any block, the minimal vertex of I will be in Rl.
Now, In the case where I crosses a block (Ai, Bi), let y be a commun vertex of Bi and I.
If y ∈ C, then I intersect C. Otherwise, y /∈ C that means that y is in the same interval
J with an element y′ of C. Consequently, I and J will have minimal vertices in R′

pq and
maximal vertices in MaxPl, this gives y′ ∈ I. ¤

Example 2 The poset of Figure 4 is N-free of Type 2, where P1, P2 and P3 are the
supbosets surrounded from left to right, we have: R′

11 = R′
12 = {a, b}, R′

21 = R′
22 = R′

13 =
{c}, R′

31 = R′
23 = {d}, R′

41 = R′
33 = {e} and R3 = {f}. The framed vertices form the

maximal stable set C of H(P ) obtained by Maximal Stable-set 1 algorithm.

We will need the following definition:
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a b c d e f

Figure 4: An N-free poset P of Type 2. Applying the Maximal Stable-Set 1 algorithm on
P ; the framed vertices form a maximal stable set of H(P ).

Definition 2 In H(P ), for every vertex x ∈ P , the stable adjacent Mx to x is the set of
all vertices y such that x and y are in the same interval of P , where Mx is stable. Mx can
be equal to {x}. We say MD is stable adjacent to the set D of P if it is stable adjacent
to every vertex of D.

We can write C = D1 ∪D2 ∪ ... ∪Dm the stable set obtained from Maximal Stable-set 1
algorithm, where Di are subblocks of P . We determine a new maximal stable set C ′ from
C as follows:

Maximal Stable-set 2 Algorithm

INPUT : An N-free poset P of Type 2, and maximal stable set C = D1 ∪D2 ∪ ... ∪Dm.

OUTPUT: A new maximal stable set C ′.

1. C ′ := C.

2. Foreach i, from i = 1 to m.

2. We determine MDi
the stable adjacent to Di such that C − (∪t=i

t=1Dt)∪ (∪t=i
t=1MDt) is

stable.

3. We take C ′ := C − (∪t=i
t=1Dt) ∪ (∪t=i

t=1MDt).

4. Stop.

By construction of C ′, we deduce the following result:
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Proposition 6 The set C ′ is a maximal stable set of H(P ).

We denote by C ′
k the set of all vertices obtained from every xi ∈ Ck using Maximal Stable-

set 2 algorithm.

As a consequence of the previous algorithms, we observe that:

Observation 7 Consider the subposet family Fk linked by R′
pq:

1. The set R′
pq has the following partition:

R′
pq =

⋃
s

R′
pq,s

where for every s, R′
pq,s is a stable adjacent to As a subset of C ′

k.

2. It will be possible to obtain that the family {As}s is pairwise disjoint.

Proof. To prove the second observation, we suppose that x is a commun vertex of As

and As′ . Let I ( resp. J ) an interval containing x with minimal element cj ∈ R′
pq,s ( resp.

cj′ ∈ R′
p′q′,s′ ). In I (resp. J) there exists a vertex z (resp. z′) wich is incomparable with

every vertex of R′
p′q′,s′ ( resp. R′

pq,s) ( we take as an example, the vertex z (resp. z′) such
that cj ≺ z (resp. cj′ ≺ z′)). Otherwise, we will obtain R′

pq,s = R′
p′q′,s′ since P is N-free.

In this case, we can reconstruct As and As′ by starting by z and z′ respectively to obtain
two new disjoint sets. ¤

a b

Figure 5: Two different maximal stable sets of H(P ) by applying the Maximal Stable-set
2 algorithm.

Example 3 The poset of Figure 5 is N-free of Type 2, where C = {a, b}. Applying the
Maximal Stable-set 2 algorithm we obtain two different maximal stable sets: C ′1 is the
framed vertex set and C ′2 is the surrounded vertex set, we remark that C ′2 verifies the
observation 7 (2) while C ′1 does not.

In the remainder of this paper, we suppose that C ′ verifies the observation 7 (2).
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3.2 Edge covering family of H(P )

In this section, we will present an algorithm to construct an edge covering family of H(P )
where P is an N-free of Type 2.
We denote by MaxPl = {bl

1, b
l
2, .., b

l
|MaxPl|}, Rl = {a1, a2, .., a|Rl|} , R′

pq,s = {c1, c2, .., c|R′pq,s|}
and

⋃
i∈Il

R′
il = {c′1, c′2, ..., c′ml

}

Theorem 8 If for every k ∈ L we have :

|MaxPk| ≥ |Rk|+
∑
i∈Ik

|R′
ik|. (1)

Then H(P ) has the dual König property and α(H(P )) = ρ(H(P )) = |MaxP |.

Proof. For every Pk, we consider the egde family: Ik = {[ai, bi] , i = 1, .., |Rk|} ∪
{
[
c′j−|Rk|, bj

]
, j = |Rk|+1, .., |Rk|+mk}∪{

[
c′mk

, bs

]
, s = mk + |Rk|+1, .., |MaxPk|}. The

union of all Ik, k ∈ L is an edge covering family of H(P ) with cardinal equals to |MaxP |
and as MaxP is a stable set of H(P ) then α(H(P )) = ρ(H(P )) = |MaxP |. ¤

We remark that by applying Maximal Stable-set 2 algorithm to P , we can obtain different
maximal stable sets of H(P ) and this depends on the choice of MDi

. In the next algorithm
we need to characterize the set C ′ as follows:
C ′ is determined such that for every subposet family Fk which contains subposets Pl

verifying (1), we determine MDi
different to Di but with the same size, and if x ∈ Di is

incomparable with all vertices of MaxPl then Mx will be too. For other subposet families,
MDi

does not contain a vertex of MaxPm, where Rm is not empty.

Edge-Cover Algorithm

INPUT: An N-free poset P of Type 2 and the maximal stable set C ′.

OUTPUT: An edge covering family I(H(P )).

Step 1 For every Rl, where Pl does not verify (1), we construct the edge family El with
|Rl| intervals as follows:

1.1 If |Rl| ≤ |MaxPl|: El = {[aj, b
l
j], j = 1, 2, ..., |Rl|}.
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1.2 Otherwise: El = {[aj, b
l
j], j = 1, 2, ..., |Max.Pl|} ∪ {[at, b|MaxPl|], t = |MaxPl|+

1, ..., |Rl|}.

Step 2 For every Pl, where Pl verifies (1), we construct the edge family Jl as follows:

Jl = {[ai, bi] , i = 1, .., |Rl|} ∪ {
[
c′j−|Rl|, bj

]
, j = |Rl| + 1, .., |Rl| + ml} ∪ {

[
c′ml

, bs

]
,

s = ml + |Rl|+ 1, .., |MaxPl|}. We obtain |MaxPl| intervals.

Step 3 In first, we determine all linked subposet families F1, F2, ..., Fm . Then, apply
this step to Fk = {Pl}l∈Sk

which is linked by R′
pq for k = 1 to k = m.

In this step, we use the vertices bl
t of MaxPl, Pl ∈ Fk, which are not used in step

1 or in the application of this step to Ft, where t < k ; otherwise, we use vertices
already used.
Let A′

s be the set As deleting all vertices comparable with MaxPm, where Pm veri-
fies (1), and F ′

k = {Pl}l∈S′kbe the family Fk deleting all subposets verifying (1) . For
every R′

pq,s we construct the edge family Is as follows :

3.1 If |A′
s| ≤ |R′

pq,s|:
Is = {[cj, b

l
t], j = 1, 2, ..., |A′

s| and l ∈ S ′k}. We obtain |A′
s| intervals.

3.2 If |A′
s| > |R′

pq,s|:
Is = {[cj, b

l
t], j = 1, 2, ..., |R′

pq,s| and l ∈ S ′′k ⊂ Sk} ∪ {[c1, b
l
t], l ∈ (S ′k − S ′′k )}. We

obtain |A′
s| intervals.

Step 4 It remains some minimal vertices cj which are not used in steps 1 and 3 such
that cj ∈ R′

pq,s and R′
pq does not link any subposet verifying (1). In this step, we

construct Jcj
the interval containing cj and bl

t a maximal vertex which is not already
used, otherwise, Jcj

is any interval containing cj.

Step 5 We take I(H(P )) the set of all intervals obtained from step 1 to step 4. End.

Theorem 9 The Edge-Cover algorithm applied to an N-free poset P of Type 2, yields an
edge-covering family of H(P ).

Proof. We can assert that every z of P which is a minimal element, comparable with a
vertex of Rm or comparable with a vertex of MaxPl, where Pl verifies (1) is covered by
I(H(P )).
Moreover, if z > x, where x ∈ A′

s, then z would be covered by the interval of I(H(P ))
which intersects A′

s.
In other cases, suppose that there exists z of P which is not covered by I(H(P )), we
distiguish two cases.
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Case 1. If z is a maximal of Pl and no interval obtained from step 3 or step 4 covers z,
then Pl necessarily would verify (1). This contradicts the construction of intervals
in these steps.

Case 2. Let J /∈ I(H(P )) containing z and x, where x ∈ A′
s and x ≮ z. Let I the interval

of I(H(P )) containing x. The only form of I and J is that they will have maximal
elements in MaxPl and two different minimal elements in R′

pq,s. z is not covered by
I, then for every couple (t, t′) of (I, J), where t ≤ x and t′ ≤ z, we will have t � t′.
We supose that a such couple exists.
If t and t′ are not in the same interval and A′

s ∪ {t, t′} − {x} is stable, then x can
be replaced by t and t′ in C ′ and this contradicts the construction of C ′. Otherwise,
we can reconstruct A′

s starting by z, in this case, R′
pq,s will be partitionned into at

least two subsets, and by applying the Edge-Cover algorithm, z will be covered by
the new family.

¤

As a consequence of Theorem 9, we have

Corollary 10 If in the Edge-Cover algorithm, for every vertex x of MaxP (resp. MinP ),
x is taken only once in the construction of I(H(P )), then P will have the dual König prop-
erty.

Proof. In this case, we will have |I(H(P ))| = |MaxP | ( resp. |MinP |), and as MaxP
and MinP are stable sets of H(P ), therefore α(H(P )) = ρ(H(P )) = |MaxP | ( resp.
α(H(P )) = ρ(H(P )) = |MinP |). ¤

Theorem 11 Let P be an N-free poset of type 2. Then, H(P ) has the dual König property.

Proof. The main idea of the proof is to use I(H(P )) obtained from the Edge-Cover
algorithm for constructing a stable set C(H) of H(P ) with the same size as I(H(P )).
Let B1 (resp. B2) be the union of all Rl ( resp. MaxPk), where Pl ( resp. Pk) does not
verify ( resp. verifies) (1).
From step 1 ( resp. step 2) of the Edge-Cover algorithm, B1 (resp. B2) is a stable set
with the cardinal equals to the cardinal of the union of all El (resp. Jl ). It becames clear
that B1 ∪B2 is stable set.
The union of all Is of step 3.1 can be partitioned into 2 subsets, the first denoted by D1,
which is the union of all Is, where R′

pq,s does not link subposets verifying (1), and the
second is denoted by D2.

Let B3,1 be the union of all R′
pq,s, where R′

pq does not link subposets verifying (1) and
|R′

pq,s| > |As|. B3,1 is a stable set with the cardinal equals to |D1| plus the cardinal of the
union of all Jcj

of step 4.
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We denote by B3,2 the union of all A′
s such that |A′

s| > |R′
pq,s| or |A′

s| ≤ |R′
pq,s|, where

R′
pq links subposets verifying (1). From Observation 7 (2), we deduce that there is no

common vertex x of As and As′ which is covered by two different intervals of I(H(P )) .
Consequently, |B3,2| is equal to |D2| plus the cardinal of the union of all Is of step 3.2.
Consider the following set:

C(H) = B1 ∪B2 ∪B3,1 ∪B3,2

Hence, it is not difficult to see that C(H) is a stable set with size |I(H(P ))|. ¤
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