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Abstract: Let GG be a simple undirected graph.A broadcast on G is a function
f : V(G) — N such that f(v) < eg(v) holds for every vertex v of G, where
ec(v) denotes the eccentricity of v in GG, that is, the maximum distance from
v to any other vertex of G. The cost of f is the value cost(f) = >_ ¢y @) f(v)-
A broadcast f on G is independent if for every two distinct vertices v and v in
G, dg(u,v) > max{f(u), f(v)}, where dg(u,v) denotes the distance between
u and v in GG. The broadcast independence number of G is then defined
as the maximum cost of an independent broadcast on G. In this paper, we
study independent broadcasts of caterpillars and give an explicit formula for
the broadcast independence number of caterpillars having no pair of adjacent
vertices with degree 2.
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1 Introduction

All the graphs we consider in this paper are simple and loopless undirected graphs. We
denote by V(G) and E(QG) the set of vertices and the set of edges of a graph G, respectively.

For any two vertices u and v of G, the distance dg(u,v) between u and v in G is the
length (number of edges) of a shortest path joining w and v. The eccentricity eq(v) of
a vertex v in G the maximum distance from v to any other vertex of G. The minimum
eccentricity in G is the radius rad(G) of G, while the maximum eccentricity in G is the
diameter diam(G) of G. Two vertices v and v with dg(u,v) = diam(G) are said to be
antipodal.

A function f : V(G) — {0,...,diam(G)} is a broadcast if for every vertex v of G,
f(v) < eg(v). The value f(v) is called the f-value of v. Given a broadcast f on G, an
f-broadcast verter is a vertex v with f(v) > 0. The set of all f-broadcast vertices is
denoted V;". If u € V' is a broadcast vertex, v € V(G) and dg(u,v) < f(u), we say that
u f-dominates v. In particular, every f-broadcast vertex f-dominates itself. The cost
cost(f) of a broadcast f on G is given by

cost(f) = D flv)= > f(v).
)

veV (G uer+

A broadcast f on G is a dominating broadcast if every vertex of G is f-dominated by
some vertex of Vf+. The minimum cost of a dominating broadcast on G is the broadcast
dominating number of G, denoted ~,(G). A broadcast f on G is an independent broadcast
if every f-broadcast vertex is f-dominated only by itself. The maximum cost of an inde-
pendent broadcast on G is the broadcast independence number of G, denoted (,(G). An
independent broadcast on GG with cost ( is an independent 3-broadcast. An independent
Bp(G)-broadcast on G is an optimal independent broadcast. Note here that any optimal
independent broadcast is necessarily a dominating broadcast.

The notions of broadcast domination and broadcast independence were introduced by
D.J. Erwin in his Ph.D. thesis [9] under the name of cost domination and cost indepen-
dence, respectively. During the last decade, broadcast domination has been investigated
by several authors, see e.g. [1, 2, 3, 5, 6, 7, 11, 12, 13, 14, 15, 16], while independent
broadcast domination has attracted much less attention.

In particular, Seager considered in [15] broadcast domination of caterpillars. She char-
acterized caterpillars with broadcast domination number equal to their domination num-
ber, and caterpillars with broadcast domination number equal to their radius. Blair,
Heggernes, Horton and Manne proposed in [1] an O(nr)-algorithm for computing the
broadcast domination number of a tree of order n with radius 7.

However, determining the independent broadcast number of trees seems to be a difficult
problem. We propose in this paper a first step in this direction, by studying a subclass
of the class of caterpillars. Recall that a caterpillar is a tree such that deleting all its
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pendent vertices leaves a simple path. The subclass we will consider is the subclass of
caterpillars having no pair of adjacent vertices with degree 2.

We now review a few results on independent broadcast numbers. Let G be a graph and
A CV(G), |A|l > 2, be a set of pairwise antipodal vertices in G. The function f defined
by f(u) = diam(G) — 1 for every vertex u € A, and f(v) = 0 for every vertex v € A, is
clearly an independent |A|(diam(G) — 1)-broadcast on G.

Observation 1 (Dunbar, Erwin, Haynes, Hedetniemi and Hedetniemi [8])

For every graph G of order at least 2 and every set A C V(G), |A| > 2, of pairwise
antipodal vertices in G, Bp(G) > |A|(diam(G) — 1). In particular, for every tree T,
5(T) > 2(diam(G) — 1).

An independent broadcast f on a graph G is mazimal if there is no independent broadcast
[ # f such that f'(v) > f(v) for every vertex v € V(G). In [9], D.J. Erwin proved the
following result (see also [8]).

Theorem 2 (Erwin [9])

Let f be an independent broadcast on G. If V.t = {v}, then f is mazimal if and only if
f(v) =eg(v). If |Vf+\ > 2, then f is maximal if and only if the following two conditions
are satisfied:

1. f is dominating, and

2. for every v € V', f(v) = min {dg(v,u): we V" \{v}} -1

Erwin proved that ,(P,) = 2(n — 2) = 2(diam(F,) — 1) for every path P, of length
n >3 [9]. In [4], Bouchemakh and Zemir determined the independent broadcast number
of square grids.

Theorem 3 (Bouchemakh and Zemir [4])
Let G, denote the square grid with m rows and n columns, m > 2, n > 2. We then
have:

1. Bp(Gmp) = 2(m +n — 3) = 2(dlam(Gpn) — 1) if m < 4,
2. By(Gs5) =15, By(Gs6) = 16, and

3. Bo(Gmn) = [™2] for every m,n, 5 <m <n, (m,n) # (5,5), (5,6).
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In this paper, we determine the broadcast independence number of caterpillars having no
pair of adjacent vertices with degree 2.

The paper is organized as follows. We introduce in the next section the main definitions
and a few preliminary results on independent broadcasts of caterpillars. We then consider
in Section 3 the case of caterpillars having no pair of adjacent vertices with degree 2 and
prove our main result, which gives an explicit formula for the broadcast independence
number of such caterpillars.

2 Preliminaries

Let G be a graph and H be a subgraph of G. Since dy(u,v) > dg(u,v) for every two
vertices u,v € V(H), every independent broadcast f on G satisfying f(u) < ey(u) for
every vertex u € V(H) is an independent broadcast on H. Hence we have:

Observation 4 If H is a subgraph of G and f is an independent broadcast on G satisfying
f(u) < en(u) for every vertex w € V(H), then the restriction fg of f to V(H) is an
independent broadcast on H.

A caterpillar of length k > 0 is a tree such that removing all leaves gives a path of length
k, called the spine. Following the terminology of [15], a non-leaf vertex is called a spine
vertexr and, more precisely, a stem if it is adjacent to a leaf and a trunk otherwise. A leaf
adjacent to a stem v is a pendent neighbor of v.

Note that a caterpillar of length 0 is nothing but a star K;,, for some n > 1. The
independent broadcast number of a star is easy to determine.

Observation 5 For every integer n > 1, By(K,) = n.

Indeed, an optimal broadcast f of K, is obtained by setting to 1 the f-value of every
pendent vertex of Kj ., if n > 1, or of one of the two vertices of K;;. Therefore, in the
rest of the paper, we will only consider caterpillars of length k& > 1.

We denote by CT(Xg, ..., \i), k> 1, with (A, ..., \x) € N*x N1 x N*| the caterpillar of
length £ > 1 with spine vy ... v, such that each spine vertex v; has \; pendent neighbors.
Note that for any caterpillar CT of length k > 1, diam(CT) = k + 2. For every i such
that \; > 0,0 <i < k, we denote by £},. .., 6;\ the pendent neighbors of v;. Moreover, we
denote by CT[a,b], 0 < a < b < k, the subgraph of C'T" induced by vertices v, . .., v, and
their pendent neighbors The caterpillar CT'(1,0,2,1,1,2,1,0,3) is depicted in Figure 1.
Let f be an independent broadcast on a caterpillar CT = CT'()\, ..., \x). We denote by
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Figure 1: The caterpillar CT'(1,0,2,1,1,2,1,0,3)

f* the associated mapping from {vy, ..., v} to N defined by

J=X\i

Fr) = flo)+ > f(#), if A >0, and f*(v;) = f(v;) otherwise,

Jj=1

for every i, 0 < i < k. Intuitively speaking, when \; > 0, f*(v;) gives the “weight” of the
star-graph consisting of the vertex v; together with its pendent neighbors.

We will say that two independent broadcasts f; and fy on CT are similar whenever
fi = f5. Observe that any two similar independent broadcast have the same cost.

From Observation 1, we get that 5,(CT') > 2(k+1) for every caterpillar CT = CT (Ao, ..., \g)-
In particular, the function f, on V(CT) defined by f.(¢5) = f.(z) =k +1 and f.(u) =0
for every vertex u € V(CT)\{¢}, ¢}} is an independent broadcast on C'T with cost 2(k+1).

In the following, we will call any independent broadcast f similar to f. and such that
V| = 2 a canonical independent broadcast.

The following lemma shows that, for any caterpillar C'T' = CT' (Ao, . . ., Ax), no independent
broadcast f on CT with f(v) > 0 for some stem v can be optimal.

Lemma 6 If CT = CT (N, ..., ;) is a caterpillar of length k > 1 and f is an indepen-
dent broadcast on CT with f(v;) > 0 for some stem v;, 0 < i < k, then there exists an
independent broadcast f' on CT with cost(f") > cost(f).

Proof. Since f(v;) > 0 and f is an independent broadcast, we have f(£!) = 0 for every
J, 1 < 7 < \i. Consider the function f’ defined by f’(v;) = 0, f'(¢}) = f(v;) + 1 and
f'(u) = f(u) for every vertex u € V(CT) \ {v;, £} }. Since dor(l},u) = dor(vi,u) + 1
for every vertex u € V(CT) \ {(}}, we get that f’ is an independent broadcast on CT.
Moreover, we clearly have cost(f’) = cost(f) + 1. O

The following lemma shows that for every optimal independent broadcast on a caterpillar,
at least one pendent vertex of each of the end-vertices of the spine is a broadcast vertex.

Lemma 7 Let CT = CT(Xo, ..., \x) be a caterpillar of length k > 1. If f is an optimal
independent broadcast on CT, then f*(vo) — f(vo) # 0 and f*(vx) — f(vx) # 0.
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Proof. Suppose to the contrary that f(£) = 0 for every j, 1 < j < Ag. We know by
Lemma 6 that f(vg) = 0. Let u be the f-broadcast vertex that dominates £} and let
f(u) = z. By Lemma 6, u is either a leaf or a trunk.

If u is a leaf, say u = @, 1 <i <k 1<j <)\, let f/be the mapping defined by
() =z +1, f/(u) =0 and f'(v') = f(u) for every vertex v’ € V(CT) \ {¢},u}. Note
that every vertex which was f-dominated by u is now f’-dominated by £}. The mapping
f’ is thus an independent (cost(f) 4+ i)-broadcast on CT, contradicting the optimality

of f.

If wis a trunk, say u = v;, 1 < i < k — 1, we similarly define a mapping f’ by letting
F/(y) =xz+i+1, f'(u) =0and f'(u') = f(u) for every vertex v’ € V(CT)\ {£},u}. The
mapping f’ is thus an independent (cost(f)+i+ 1)-broadcast on CT, again contradicting
the optimality of f.

The case f(¢) = 0 for every j, 1 < j < A, follows by symmetry. O

Observe that Lemma 7 can be extended to trees as follows:

Lemma 8 Let T be tree and T be a subtree of T', of order at least 2, with root r. Let f
be an optimal independent broadcast on T'. If r is an f-broadcast vertex, then T' contains
at least one other f-broadcast vertex. In particular, if T' is a subtree of height 1 (that is,

er/(r)=1), then f(r) =0.

Proof. Suppose to the contrary that f(r) > 0 and f(u) = 0 for every vertex u €
V(T')\{r}. Let t' = ep(r) and ¢/ = eq_(pr—p(r).

If f(r) < t/, the independent broadcast f’ given by f'(v) = f(r) for some vertex v in
T" with dp/(r,v) =t and f'(u) = f(u) for every vertex u € V/(T) \ {v} is such that
cost(f’) = cost(f) + f(r), contradicting the optimality of f.

If f(r) > #, then r is the unique f-broadcast vertex, which implies cost(f) < 2(diam(7") —
1), again contradicting the optimality of f by Observation 1.

Hence t/ > f(r) > t'. Let now v be any neighbor of r in T". Since ¢’ > f(r) > t/, we have
er(v) = ep(r)+1 =t+1 > f(r)+1. The function f’ defined by f'(r) =0, f'(v) = f(r)+1
and f'(u) = f(u) for every vertex u € V(T') \ {r, v} is therefore an independent broadcast
on T with cost(f") = cost(f) + 1, contradicting the optimality of f.

This completes the proof. O
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3 Caterpillars with no pair of adjacent trunks

In this section we determine the broadcast independence number of caterpillars with no
pair of adjacent trunks. We first introduce some notation and useful lemmas.

We say that an independent broadcast f of a caterpillar CT is an optimal non-canonical
independent broadcast on CT' if

(i) [V,"[ #2or f*# f& (f is non-canonical), and

(ii) for every independent broadcast f on CT with [V # 2 or f* # f, cost(f) >
cost(f’) (f is optimal among all non-canonical independent broadcasts).

Let CT = CT (A, - - ., \x) be a caterpillar of length k£ > 1 with no pair of adjacent trunks.

We denote by
i=k

ACT) =)\

the number of leaves of CT, and by
T(CT)=[{i|1<i<k—1and )\ =0}
the number of trunks of C'T'.

We will compute the broadcast independence number of a caterpillar with no pair of
adjacent trunks by counting the number of some specific patterns. More precisely, we
say that a pattern of length p+ 1, Il = my...7m,, p > 0, m; € N for every ¢, 0 < i < p,
occurs in a caterpillar CT = CT'(A, ..., Ax) if there exists an index ip, 0 < ig < k — p,
such that CTig,ip + p] = CT(m,...,m,), that is, X\;y+; = m; for every j, 0 < j < p.
We will also say that the caterpillar C'T" contains the pattern II and that the subgraph
CT(Nigy - -+ Aigtp) of CT is an occurrence of the pattern II. For instance, the caterpillar
CT(1,0,2,1,1,2,1,0,3), depicted on Figure 1, contains once the pattern 211 and twice
the pattern 10.

We now extend the notation for patterns as follows:

e By 7", we mean a spine vertex having at least 7; pendent neighbors;
e By 7, , we mean a spine vertex having at most m; pendent neighbors;

e By [m;, we mean that the leftmost stem, vy, has m; pendent neighbors (therefore, a
pattern starting with this symbol must occur on the left end of a caterpillar);

e By m;], we mean that the rightmost stem, vy, has m; pendent neighbors (therefore,
a pattern ending with this symbol must occur on the right end of a caterpillar);
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e By {m;, [}II (resp. II{m;,]}), we mean either the pattern m,II (resp. Ilm;) or the
pattern [II (resp. II]),

J’_

e By mo(mme) "3, we mean a mazimal pattern of the form

T TT7g O T 71T ...T1T T3,
—_——
r times, r > 2

where maximal here means that the subpattern 77y is repeated at least once and
as many times as possible.

e By mo(mm2)* 13, we mean a mazimal pattern of the form

To73, 71773 O T 7172 ...T1T T3,
————

r times, r > 2

where maximal here means that the subpattern 77y is repeated as many times as
possible.

We can also combine these notations, so that ;'], for instance, denotes that the rightmost
stem vy has at least m; pendent neighbors.

One can check that the caterpillar CT'(1,0,2,1,1,2,1,0,3) contains once each of the pat-
terns [1, 3], 2%] and 21117", twice the pattern 0{2,3}, and thrice the pattern 17171,
On one other hand, the caterpillar C'T'(1,0,2,0,2,0,2, 1,0, 3) contains only once the pat-
tern 170(20)™ 1%, namely on the sub-caterpillar CT'(1,0, 2,0, 2,0, 2) with explicit pattern
1020202.

For any pattern II and any caterpillar C'T, we will denote by #c7(I1) the number of
occurrences of the pattern II in C'T'. Moreover, if M is an occurrence of II in C'T', we
define the value

ap (M) = max{0, #,(1) — 1},

that is, the number of stems v; in M with \; = 1 minus 1-—or 0 if M; contains no such
stem—, and the value

(M) = oy (M) + #ur([17) + #u(17]),

that is, ay(M) plus 0, 1 or 2, depending on whether M contains no end-vertex of C'T,
one end-vertex of C'T" or both end-vertices of C'T', respectively.

We then extend the functions oy and ay to the whole caterpillar C'T' by setting

a1 (CT; 1) = Z o (M)

M occurrence of 11

and
W= Y ay(M).

M occurrence of 11



On the Broadcast Independence Number of Caterpillars 9

(117 111+

_. . . ......................

Figure 2: Sample patterns involved in the definition of 5*(CT")

Finally, for any caterpillar CT', we define the value 5*(CT) as follows:

B*(CT) = MNCT) + 7(CT) + #cr({17,J1{11,]}) + ar(CT;1727(027)%"1T)
+ ap(CT;027(027)70) + ao(CT;[27(027)0) + ao(CT;027(027)*]).

Sample patterns involved in the above formula are illustrated on Figure 2. A pattern with
a line to the left or right hand side of its spine cannot occur at the left or right end of the
caterpillar, respectively. A pattern with a dashed line to the left or right hand side of its
spine can occur at the left or right end of the caterpillar, respectively, or in the middle of
the caterpillar. A dashed edge is an optional edge (used for pattern 2, corresponding to
a spine vertex with either one or two pendent neighbors).

Let us say that two distinct occurrences of patterns overlap if they share a common vertex.
Due to the specific structure of the patterns used in the above formula (and, in particular,
of the maximality of the number of repetitions of subpatterns of the form II*" or IT*"),
we have the following:

Observation 9 In every caterpillar C'T' of length k > 1,

1. no occurrence of the pattern 02~ (027)*0 can overlap with an occurrence of a pattern
{17, [}1{1%,]}, 1+27(027)*" 1+, 02-(027)*0, [27(027)"0 or 02~ (027)*"],

2. no occurrence of the pattern [27(027)*0 can overlap with an occurrence of a pattern
{17, FH{I, ]}, or 1727(027) 7717,

3. no occurrence of the pattern 02~(027)*"] can overlap with an occurrence of a pattern
{17, [}1{1%,]} or 1727(027)*"1 ",
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4. if two occurrences of the patterns [27(027)*0 and 027 (027)*"] overlap, then CT is
a caterpillar with pattern [27(027)*"].

We first prove that every caterpillar with no pair of adjacent trunks admits an independent
broadcast f with cost(f) = 8*(CT).

Lemma 10 FEvery caterpillar CT = CT(Ao,...,\x) of length k > 1, with no pair of
adjacent trunks, admits an independent broadcast f with cost(f) = B*(CT).
Proof. We will construct a sequence of independent broadcasts f1, ..., fi, step by step,

such that cost(fy) = 8*(CT). Each independent broadcast f;, 2 < i < 4, is obtained by
possibly modifying the independent broadcast f;_; and is such that cost(f;) > cost(fi_1).
Moreover, for each independent broadcast f;, 1 <1i < 4, we will have f;(v) = 0 whenever v
is a stem. These modifications are illustrated on Figures 3 and 4, using the same drawing
conventions as in Figure 2. Only useful broadcast values are given in these figures. These
figures should help the reader to see that all the proposed modifications lead to a new
valid independent broadcast.

Step 1. Let fi be the mapping defined by fi(v) = 1 if v is a pendent vertex or a trunk,
and fi(v) = 0 otherwise. Clearly, f; is an independent broadcast on C'T" with

cost(f1) = AM(CT) + 7(CT).

Step 2. Let f, be the mapping defined by fo(v) = 2 if v = £} for some i, 0 < i < k, such
that (1) )\z = 1, (11) 1 =0 or >\i—1 Z 1, and (111) i =k or >\i+1 Z 1, and fg(U) = fl(U)
otherwise (see Figure 3(a)). Again, f; is an independent broadcast on C'T" with

cost(fz) = cost(f1) + #er ({17, [}1{17,]}).

Step 3. Suppose that CT contains the pattern 1727 (027)*"1", of length 2r + 3, and let
M = CTTig,io + 2r + 2] be the corresponding occurrence of this pattern. We thus have
fa(v) =1 for every trunk of M and for every pendent neighbor of a stem vertex v; on M
with i + 1 < j <o+ 2r + 1. Hence, the cost of the restriction f} of f, to M is

cost(f3) = fo(viy) + M MTig + 1,00 + 2r + 1]) + 7(M) + f5 (vigs2r12)-

Let f3 be the mapping first defined by f3(v) = fo(v) for every vertex v. We then modify
f5 as follows. If the subgraph M{ig+ 1,40+ 2r + 1] contains no stem vertex v; with \; = 1,
we keep f3 = f. Otherwise, we let

o f3(ll 1) =2if Njgy1 =1,

o f3(ll 1or1) = 2if Nigorn = 1,
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(a) From f; to fo

T
- T

(b) From fy to f3, pattern 172010217, cost(f}) = cost(f5) + (1 — 1)

1 1 1 1
I A P P P P
11 1 1

11

0 0 0
® ® ® ®
—
11 3 3

30

(c) From f5 to f3, pattern 1720102010117, cost(f}) = cost(f}) + (3 — 1)

Figure 3: Proof of Lemma 10: from f; to f3
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® f3(Vig42;) = 0 for every j, 1 < j <,

(see Figure 3(b) and (c)). The cost of the restriction f} of f3 on M is then

cost(f3) = cost(fy) + max{0, #arfig1ior2r+1] (1) — 1} = cost(f3) + oy (M).

By Observation 9, two occurrences of the pattern 1727(027)"" 1% can only overlap on
their end-vertices. Therefore, doing the above modification for every occurrence of the
pattern 1727(027)™ 1" in M, the so-obtained independent broadcast f3 satisfies

cost(f3) = cost(fa) + a1 (CT).

Step 4. Suppose first that C'T' contains the pattern 02~ (027)*70, of length 2r + 3, and let
M = CTlig,io+2r+2],ip > 1, ig+2r+2 < k—1, be the corresponding occurrence of this
pattern. We thus have fy(v) =1 for every trunk of M and for every pendent neighbor of
a stem vertex v; on M with ig +1 < j <o+ 2r + 1. Hence, the cost of the restriction f;
of f3to M is

cost(f3) = f5(viy) + AMM) + 7(Mig + 1, i0 + 2r + 1]) + f5 (vigs2r42)-

Let f; be the mapping first defined by f4(v) = f5(v) for every vertex v. We then modify
f4 as follows. If the subgraph M{ig+ 1,40+ 27+ 1] contains no stem vertex v; with \; = 1,
we keep fy = f3. Otherwise, we let

b f4(€zlo+2j+1) =3 (and f4(€120+2j+1) = 0 if Ajg12j41 = 2) for every j, 0 < j <,

® fi(vigt2;) = 0 for every j, 0 < j <,

(see Figure 4(a)). The cost of the restriction f; of fy on M is then

cost(f;) = cost(f3) + max{0, #(1) — 1} = cost(f3) + az(M).

Suppose now that C'T" contains the pattern [27(027)*0, of length 2r + 2, and let M =
CT[0,2r + 1] be the corresponding occurrence of this pattern. Doing the same type of
modification as above (see Figure 4(b)), the cost of the restriction f; of f; on M is then

cost(fy) = cost(f3) + max{0, #y (1) — 1} + 1 = cost(f3) + aa(M).

Finally, if C'T' contains the pattern 027 (027)*"] and CT is not a caterpillar with pattern
[27(027)*], the same type of modification leads to the same property.
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1 1 1 1 1 1
—@ A L L L @ o—
11 1 11 1 1

0 0 0 0 0 0
—@ L L L @ o—
—
30 3 30 3 3

(a) From f3 to f4, pattern 02010201010, cost(f;) = cost(f}) + (3 —1)+0

1 1
® ® ® @ o—

11 1 11 1 11

0 0 0 0 0
® ® @ ® o—
—
30 3

30 3 30

(b) From f5 to f4, pattern [2010201020, cost(f;) = cost(f5) + (2 —1) +1

Figure 4: Proof of Lemma 10: from f3 to f4

By Observation 9, no two occurrences of the patterns 027(027)*0 and [27(027)*0 (or
027(027)*0 and 027(027)*]) can overlap. Therefore, doing the above modification for
every occurrence of these patterns in M, the so-obtained independent broadcast f4 satisfies

cost(fy) = cost(fs) + a(CT) = 5*(CT).

This completes the proof. O

The next lemma shows that if f is an optimal non-canonical independent broadcast on
a caterpillar C'T with no pair of adjacent trunks, with cost(f) > 2(diam(CT) — 1), then
there exists an optimal non-canonical independent broadcast f on C'T such that the f—
values of the pendent neighbors of vy and vy only depend on the values of Ay, A\; and
Ak—1, A\, respectively:
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Lemma 11 Let CT = CT(Xg,...,\x) be a caterpillar of length k > 1, with no pair
of adjacent trunks. If f is an optimal non-canonical independent broadcast on CT with

cost(f) > 2(diam(CT)—1), then there exists an optimal non-canonical independent broad-
cast f on CT, thus with cost(f) = cost(f), such that, for everyi € {0,k}, we have

1. if Ny =1 and Ay > 1, then f(£}) = 2,

2. if \y =1 and \y = 0, then f(£}) = 3,

3. if A =2 and Ay > 1, then f({}) = f(62) =1,

4. if A =2 and My = 0, then f(£}) =3 and f(£?) =0,
5. 0f N\ >3, then f(I9) =1 for every j, 1 < j < A,

where ' =1 ifi=0, ori =k—1ifi=k.

Proof. Note first that if such a broadcast f exists, then, by Lemma 6, f (u) = 0 for every
stem u of CT. Therefore, the value of 3., f(£7) cannot be strictly less than the value

claimed in the lemma since otherwise it would contradict the optimality of f .

By symmetry, it is enough to prove the lemma for the pendent neighbors of vy. Let
CTy = CT(Ng,- .., \;) be a minimal counterexample, with respect to the subgraph order,
to the lemma. That is, every sub-caterpillar of C'Tj satisfies the statement of the lemma
and, for every optimal non-canonical independent broadcast f on CTy with cost(f) >
2(diam(C'T) — 1), there is a pendent neighbor, say £} without loss of generality, of vy such
that f(¢}) = x and x is strictly greater than the value claimed by the lemma (note that,
in case 3, if f(£}) = 2 (resp. 0) and f(¢2) = 0 (resp. 2), then we can equivalently assign
the value 1 to both of them). We will prove that such a minimal counterexample cannot
exist.

Let fo be any such independent broadcast on C'Tj, for which the value f(¢}) = x is minimal.
We thus have x > 3 whenever A\; > 0 or Ay > 3 (since in this latter case we can assign
value 1 to each of the at least three pendent neighbors of vy, and thus z = 2 would imply
that fp is not optimal), and x > 4 whenever \; = 0.

Since fo(f}) = x > 1, we have f;(v;) = 0 for every i, 1 < i < x — 2, and fo(v,_1) = 0.
Moreover, x — 1 < k since fy is a non-canonical independent broadcast, and v,_; cannot
be a trunk, since otherwise we could set fo(£}) = z+1 (recall that, by Lemma 6, fo(v;) =0
for every stem v;, and thus fo(v,) = 0), contradicting the optimality of fj.

Let now CTy = (Az_1, ..., ) be the caterpillar obtained from CTj, by deleting vertices
Vo, - - -, Uz—o and their pendent neighbors (see Figure 5(a)). Note that fo(u) = 0 for every
such deleted vertex u # £}. Let f; denote the restriction of fy to V(CT}). Since fo(£)) = z
we get

filw) = fo(u) < max{ecr, (u), dom, (u, &)} < ecr (u)
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for every vertex u € V/(CT}), so that f; is an independent broadcast on CT; by Observa-
tion 4. Moreover, since diam(CT}) = diam(C7Ty) — = + 1, we have

cost(f1) = cost(fo) — z > 2(diam(CTy) — 1) — z = 2(diam(CTy) — 1) + = — 2.

Since x > 1, we thus have cost(f;) > 2(diam(C7T;) —1). Therefore, since C'Tj is a minimal
counterexample, we get that either f; is a canonical independent broadcast on C'T} or there
exists an optimal non-canonical independent broadcast f| on C'T} with cost(f]) > cost(f;)
and f| satisfies the statement of the lemma.

Suppose first that f; is a canonical independent broadcast. This implies
cost(f1) = 2(diam(CTy) — 1).
Hence,
cost(fo) = cost(f1) + x = 2(diam(CTy) — 1) + = < 2(diam(CTp) — 1),

which contradicts our assumption on cost(fp).

Therefore, there exists an optimal non-canonical independent broadcast f] on CT; with
cost(f]) > cost(f1) satisfying the statement of the lemma. If cost(f]) > cost(f1), the
mapping f} given by fj(u) = fi(u) for every vertex u € V(CTy) and fl(u) = fo(u) for
every vertex u € V(CTy) \ V(CT)), is a non-canonical independent broadcast f{ on CTj
(since x > 3) that contradicts the optimality of fo.

Hence, f; is optimal and thus satisfies the statement of the lemma. Let f; be the non-
canonical independent broadcast satisfying items 1 to 5 of the lemma, and let

m = max{fl(ggc—l)a 1<7< )\x—l}~

We consider two cases, depending on whether v, _5 is a stem or not. Recall that v, _o # vy,
since = > 3.

1. Ap_2 > 0.
Let f} be the non-canonical independent broadcast on C'Ty given by f{(6}) = = — 1,
SOl _y) =2, fi(u) = 0 for every vertex u € V(CTy) \ (V(CTy) U {€, ¢L_,}), and
either f}(u) = fi(u) for every vertex u € V(CTh), if m < 2 (see Figure 5(b)), or
o) = 2 and fi(u) = fi(u) for every vertex u € V(CTy) \ {¢L_,}, if m =3
(see Figure 5(c)). We then get cost(f}) = cost(fy) + 1 if m < 2, contradicting the
optimality of fy, or cost(f}) = cost(fy) if m = 3, in which case either f{ satisfies

items 1 to 5 of the lemma or contradicts the minimality of x.

2. )\x—2 = 0.
If x = 3, then \; = 0 which implies * > 4, a contradiction. Hence, we have
x > 4, and thus v,_3 # vo. Let f{ be the non-canonical independent broadcast
on CTy given by fi(6h) = z — 2, fi(i_3) = 2, fi(u) = 0 for every vertex u €
V(CTy) \ (V(CTY)U{LS, 02 _}), and fi(u) = fi(u) for every vertex u € V(CTY}) (see
Figure 5(d)). We then get cost(f}) = cost(fy), and thus either f| satisfies items 1
to 5 of the lemma or contradicts the minimality of x.
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This concludes the proof. O

We now consider the internal stems of a caterpillar. The next lemma shows that if f
is an optimal non-canonical independent broadcast on a caterpillar C'T" with no pair of
adjacent trunks, with cost(f) > 2(diam(C7T) — 1), then there exists an optimal non-
canonical independent broadcast f on C'T such that f*(v;) > 0 for every internal stem v;
of CT, 1<i<k—1.

Lemma 12 Let CT = CT (Ao, ..., \x) be a caterpillar of length k > 1, with no pair
of adjacent trunks. If f is an optimal non-canonical independent broadcast on C'T with

cost(f) > 2(diam(CT)—1), then there exists an optimal non-canonical independent broad-
cast f on CT, thus with cost(f) = cost(f), such that:

1. f satisfies the five items of Lemma 11,

2. for everyi, 1 <1< k—1,if \; >0, then f*(vl) > 0.

Proof. We know by Lemma 11 that there exists an optimal non-canonical independent
broadcast f on CT, with cost( f) = cost(f), satisfying the five items of Lemma 11.
Moreover, one suppose that f has been chosen in such a way that V];r contains the largest
possible number of pendent vertices.

Suppose to the contrary that there exists a vertex v;, 1 <4 < k — 1, with A; > 0 and
f*(v;) = 0, and that for every j < 4, f*(v;) > 0 whenever \; > 0. We consider three
cases.

l.i=1lori=k—1.
By symmetry, it suffices to consider the case i = 1. By Lemma 11, we know
that f (fé) < 2 for every j, 1 < j < Ag. Therefore, no pendent neighbor of v,
is f-dominated by a pendent neighbor of vy. Let y be the vertex of CT that f-
dominates the pendent neighbors of v; (note that y is necessarily unique), and g be
the mapping defined as follows. For every vertex u of CT', let

(w) = 1 if u=11, i i
g\ = 1 if u# (], u is f-dominated only by y and der(u,y) = f(y),
f(u) otherwise.

We claim that the mapping g is a non-canonical independent broadcast on CT
with cost(g) > cost(f). Indeed, all vertices x with deor(z, y) < f(y) that were f-
dominated by y are still g-dominated by y, and all vertices 2’ # ¢} with dep(2',y)

f (y) that were f-dominated only by y are now g-broadcast vertices with g(z ) 1



On the Broadcast Independence Number of Caterpillars

17

Vo (%1

Figure 5: Configurations for the proof of Lemma 11
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(note that since every such 2’ was f-dominated only by y, we have g(z) = f(z) =
for every neighbor z of z/).

Now, if there exists a vertex z which is f-dominated only by y, we get cost(g) >
cost( f) + 1, contradicting the optimality of f. If no such vertex exists, we get
cost(g) = cost( f) and V., contains more pendent vertices than VJ;’, contrary to our
assumption.

.i=2and Ay =0,or7=Fk—2and A\y_; = 0.

By symmetry, it suffices to consider the case i = 2. By Lemma 11, we know that
f(65) < 3 for every j, 1 < j < Xg. Therefore, no pendent nelghbor of vy is f-
dominated by a pendent neighbor of vy. Let y be the (unique) vertex of CT that
f-dominates the pendent neighbors of vy (note that we necessarily have f(y) > 2).
If y = v and f(vs) = 3 (since f*(vg) > 0, we necessarily have f(vs) < 3), we define
the mapping ¢ as follows. For every vertex u of C'T, let

if u= Vs,

if u=1~3,

if w0}, uis f-dominated only by vs and der(u,y) = 2,
(u) otherwise.

Otherwise (including the case y = vs and f(vs) = 2), the mapping ¢ is defined by

fly) =2 ifu=y,

2 if u=~, i i

1 if u# 0}, u is f-dominated only by y and der(u,y) = f(y) —
f(u) otherwise,

g(u) =

for every vertex u of C'T.

In both cases, the mapping ¢ is again a non-canonical independent broadcast on
CT with cost(g) > cost(f). Indeed, all vertices = with der(z,y) < f(y) — 1 that
were f-dominated by y are g-dominated by (2 (if y = v3) or still g-dominated by

y (if y # v3), and all vertices o’ # ¢} with f(y) — 1 < der(2/,y) < f(y) that were
f dominated only by y are now either g-broadcast vertices (if dCT(:c’ y) f (y)—1)
or g-dominated by a vertex 2’ with der(z”,y) = f(y) — 1 and g(2") =

We then get a contradiction as in Case 1.

L2<i<k—=2ori=2and A\ >0,ori =k —2and \p._; > 0.

In that case, we have f*(vj) > 0 for every vertex v; with j < i and A; > 0. Note
also that we have at least two such vertices v; with j < and A; > 0.

By symmetry, it suffices to consider the cases 2 < i < k—2, and ¢ = 2 (with A\; > 0).
We consider three subcases.

(a) Suppose first that the pendent neighbors of v; are f—dominated only by a vertex
Y = v, Or y = Efg with jo < 7 and 1 < ky < Aj,. Observe that the pendent
neighbors of v; cannot be f—dominated by two such vertices, say y and 3/, since
we would have deor(y,y') < der(y, £}) so that f would not be independent.
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Since f*(vj) > 0 for every j < i such that A\; > 0, we necessarily have, by
Lemma 6, either y is a pendent neighbor of v; 1, if A\;_; > 1, or a pendent
neighbor of v;_s, if \;_1 = 0. Moreover, since f*(vj) > 0 for every j < i such
that A\; > 0, and since we have at least two such vertices, we necessarily have
f(y) < 3. This implies in particular A\;_; > 0, as otherwise we would have
f(y) < 3and der(y, €1) = 4, contradicting the fact that y f-dominates £}, and
thus y is a pendent neighbor of v;_;.

Let now ¢ be the mapping defined as follows. For every vertex u of CT', let

() = 1 if u=1/} i )
g\ = 1 if u # ¢}, u is f-dominated only by y and der(u,y) = f(y),
f(u) otherwise.

Again, the mapping ¢ is a non-canonical independent broadcast on C'T" with
cost(g) > cost(f). Indeed, all vertices z with dep(z,y) < f(y) that were
f-dominated by y are still g-dominated either by y, and all vertices 2’ # (}
with der(2',y) = f(y) that were f-dominated only by y are now g-broadcast
vertices.

We then get a contradiction as in Cases 1 and 2.

(b) Suppose now that the pendent neighbors of v; are f—dominated only by a vertex
y = vj, (with A\;; =0) or y = ffg (1 < ko < Aj,), with jo > i. Observe that,
using the same argument as in Case (a), such a vertex y must be unique.
Moreover, we necessarily have f(y) > 2.

If \;-y = 0, we consider two cases, as we did in Case 2. If y = v;;; and
f(viz1) = 3, we define the mapping g by

0 if u =141,
)3 if u =1,
9(u) = 1 if u # ¢}, u is f-dominated only by y and dor(u,y) = 2,

f(u) otherwise,

for every vertex u of C'T'. Otherwise, the mapping g is defined by

() = 2 if u=1/} i )
)= 1 if u # ¢}, u is f-dominated only by y and dor(u,y) = f(y) — 1,
f(u) otherwise,

for every vertex u of C'T.

Otherwise, that is, \;_1 > 0, we define the mapping ¢ as follows. For every
vertex u of C'T, let

(y) -1 ifu=y,

if u=1},

if u# 0! uis f-dominated only by y and der(u,y) = f(y),
(u) otherwise.
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Again, using similar arguments, in each case the above-defined mapping is a
non-canonical independent broadcast on CT" with cost(g) > cost(f) and the
contradiction arises as in Cases 1 and 2.

(c¢) Suppose finally that the pendent neighbors of v; are f—dominated both by a
vertex y; = vj, or y; = Efll with j; < i and 1 < k; < Aj, and by a vertex
Y2 = Vj, OF Yg = Efj with jo >4 and 1 < ky < A, (again, both y; and y, must
be unique). In that case, as discussed in Case (a) above, we necessarily have
Ai_1 > 0. Moreover, we necessarily have f(y;) = 3 and f(y2) > 2.

Let now ¢ be the mapping defined as follows. For every vertex u of CT, let

Ji(yl)_l if u=y,
fly2) =1 ifu=ys,
glu) =< 2 if u=1/}
1 if w0}, uis f-dominated only by yo and der(u,y2) = f(y2),
f(w) otherwise.

Note here that no vertex at distance f (y1) from y; can be f-dominated only
by ;. Indeed, suppose that such a vertex, say w, exists. Clearly, w cannot be
“to the left of v;” since this would imply w = v;_3 and \;_o = 0, but in that
case w is also f—dominated by at least one of its pendent neighbors. On the
other hand, w cannot be “to the right of v;” since in that case w would also
be f-dominated by ys.

Again, using similar arguments, the above-defined mapping is a non-canonical

independent broadcast on CT with cost(g) > cost(f) and the contradiction
arises as in Cases 1 and 2.

We thus get a contradiction in each case. This completes the proof. O]

Our aim now is to prove that if f is an optimal non-canonical independent broadcast on
a caterpillar C'T" with no pair of adjacent trunks, with cost(f) > 2(diam(CT") — 1), then
cost(f) = cost(f*) (Lemma 16 below). We first prove that for every such broadcast f,
f(v;) <1 for every trunk v;. This easily follows from Lemma 12.

Lemma 13 Let CT = CT (Ao, ..., \x) be a caterpillar of length k > 1, with no pair
of adjacent trunks. If f is an optimal non-canonical independent broadcast on CT with
cost(f) > 2(diam(CT)—1), then there exists an optimal non-canonical independent broad-

cast f on CT, thus with cost(f) = cost(f), such that:

1. f satisfies the two items of Lemma 12,

2. foreveryi, 1 <i<k—1,if \; =0, then f*(v;) < 1.
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Proof. We know by Lemma 12 that there exists an optimal non-canonical independent
broadcast f on C'T satisfying the two items of Lemma 12, so that, in particular, f* (vj) >0
for every stem v;, 0 < j < k. Since C'T" has no pair of adjacent trunks, and fis
independent, we thus necessarily have f*(v;) <1 for every trunk v;, 1 <i <k — 1. O

Finally, the next lemma will show that the cost of any optimal non-canonical independent
broadcast on a caterpillar C'T" of length £ > 1 with no pair of adjacent trunks cannot
exceed the value 5*(CT).

We first introduce a few more notation. Let CT be a caterpillar of length &£ > 1, with no
pair of adjacent trunks. We denote by o a sequence of ¢ consecutive spine vertices in C'T,
that is, 0 = v; ... V11, with £ < k+1and 0 <i¢ <k — ¢+ 1. For such a given sequence
0 =;...Vi0_1, we denote by ¢, the number of trunks in o, that is,

to ={v; |i<j<i+{l—1and \; =0}.

If f is an independent broadcast on C'T, we then denote by f*(o) the weight of o, that

is,
Z f*(Ui—l—j)-

0<j<e-1

Lemma 14 Let CT = CT ()Xo, ..., \x) be a caterpillar of length k > 1, with no pair of
adjacent trunks, and f be an optimal non-canonical independent broadcast on CT with

cost(f) > 2(diam(CT) — 1). Then there exists an optimal non-canonical independent
broadcast f on CT, thus with cost(f) = cost(f), such that:

~

. f satisfies the two items of Lemma 13.
2. For every i, 0 <i <k, if \; >3, then f*(v;) < ;.

3. [f VaVar1, 0 < a < k, is an occurrence of the pattern 112~ (resp. of the pattern
271%), then f*(vas1) < 2 (resp. [*(va) <2).

4. If vaovy is an occurrence of the pattern 1727(027)*"17F, then (o) < 3t, +2 if
Va0V 08 an occurrence of the pattern 172(02)7"17, and f*(o) < 3t, + 1 otherwise.

5. If o is an occurrence of the pattern 027(027)*0, then f*(0) < 3ty —2 if vaouy is an
occurrence of the pattern 02(02)*0, and f*(o) < 3t, — 3 otherwise.

6. If o is an occurrence of the pattern [27(027)*"0 or of the pattern 027(027)*"], then
f*(o) < 3t,.

Proof. We consider the six items of the lemma.
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. We know by Lemma 13 that there exists an optimal non-canonical independent

broadcast f on C'T satisfying the two items of Lemma 13, so that, in particular,
f*(v;) > 0 for every stem v;, 0 < i < k and f* (v;) <1 for every trunk v;, 1 < j <
k — 1. We thus assume for all following items that such an optimal non-canonical
independent broadcast f on C'T" has been chosen.

. Suppose to the contrary that there exists some i, 0 < ¢ < k, with f*(v,) >\ >

3. This implies that v; has exactly one pendent neighbor, say ¢} without loss of
generality, which is an f-broadcast vertex. Since f (61) > 4, we necessarily have
a stem v with der(vi,v) < 2 and f*(v) = 0, contradicting our assumption that f
satisfies Lemma 12.

. Let v,u441, 0 < a < k, be an occurrence of the pattern 1727 (the case 2717 is similar,

by symmetry). By Lemmas 6 and 12, we now that f*(vg) > 0 and f(v,) = 0. This
clearly implies f*(vay1) < 2.

. Let v,ou, = vU;41 . .. Viyo,42 be an occurrence of the pattern 172(02)*"17, for some

i, 0 < < k~— 2r — 2. We tpus have ¢, = r. Since f satisfies Lemma~13, we have
fr(i) >0, f*(Vigari2) > 0, f*(vigoj41) > 0 forevery 7,0 < j <r,and f*(viye;) <1
for every j, 1 < j <r. This implies

F(vir1) <2, F(vigarsr) <2, and f*(vigoj11) <3 forevery j, 1 <j<r—1. (1)

We consider three subcases, according to the number of trunks in ¢ that are broad-
cast vertices.

(a) f(vipe;) =1 for every 5,1 <5 <r.
In that case, every pendent vertex in ¢ is an f broadcast vertex, with f value
1. This gives

F (o) =MNo)+7(0) <20r+1)+7=3r+2=3t, +2,
if v,ov, is an occurrence of the pattern 172(02)*"17, and
fFfo)=MNo)+71(0) <14+2r+r=3r+1=3t,+1,

otherwise (since we have at least one stem in o with f-value 1).

(b) f(vita;) =0 for every j, 1 < j <.
In that case, by (1), we get

f(o)<2+43(r—1)4+2=3r4+1=3t,+1.

(¢) Not all trunks in o have the same f-value.

Suppose that f has been chosen in such a way that the number of trunks in o
with f—value 0 is maximal. In that case, o contains two consecutive trunks, say
Viroj, and vigojo 42, 1 < jo <7 —1, with f(viya),) = 0 and f(viyo5,42) = 1, with-
out loss of generality (by symmetry). This implies f*(v;y25,11) = Aitgjor1 < 2.
We can then modify f by setting f(vit2j,) = f(vit2jor2) = 0, f(liy0,11) = 3
(and f(£?+2j0+1) = 0 if \j12j,+1 = 2), contradicting our assumption on the max-
imality of the number of trunks with f-value 0. Therefore, this case cannot
occur and we are done.
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5. The proof uses the same ideas as the proof of the previous case.

Let 0 = vivit1 ... Viyori2 be an occurrence of the pattern 027(027)*0, for some 4,
1<i<k—2r—3. We thus have t, = r 4+ 2. Since f satisfies Lemma 13, we have

0< f*('l/i+2j+1) <3 forevery j, 0<j<r, (2)

and .
[ (vige;) <1 forevery j, 0 <j<r+1. (3)

We consider three subcases, according to the number of trunks in ¢ that are broad-
cast vertices.

(a) f(vipe;) =1 forevery j,0<j <r+1. ) )
In that case, every pendent vertex in o is an f-broadcast vertex, with f-value
1. This gives

fo)=XNo)+71(0)<20r+1)+r+2=3r+4=3t, — 2,
if o is an occurrence of the pattern 02(02)*"0, and
o) =Xo)+7(0) <14+2r+r+2=3r+3=3t, — 3,

otherwise (since we have at least one stem in o with f-value 1).

(b) f(Usz) =0 for every 7,0 < j <r+1.
In that case, by (2) and (3), we get

f (o) <3(r+1)=3r+3=3t,—3.

(¢) Not all trunks in o have the same f-value.

Suppose that f has been chosen in such a way that the number of trunks in o
with f—value 0 is maximal. In that case, o contains two consecutive trunks, say
Viraj, and Vigajor2, 0 < jo <7, with f(vio5,) = 0 and f(viy2j042) = 1, without
loss of generality (by symmetry). This implies f*(vit2jo41) = X241 < 2.
We can then modify f by setting f(vit2j,) = f(viz2jor2) = 0, f(li19,11) = 3
(and f(€?+2j0+1) = 0 if Aji9j,41 = 2), contradicting our assumption on the
maximality of the number of trunks with f-value 0. Therefore, this case cannot
occur and we are done.

6. Let vg...vy41 be an occurrence of the pattern [27(027)*"0 (the case 027 (027)*"]
is snnllar by symmetry). We first prove that for every i, 0 < i < 7, f*(vy) +
f (v2i41) < 3. By Lemma 13, we know that f(vglﬂ) < 1. If f(v2l+1) =1, we then
have f (ﬁéz) < 1 for every pendent neighbor 6] - of vy;, and thus f*(vy) < Ay < 2.
On the other hand, if f(v2,+1) = 0, we have f (v2i) < 3 (which implies () =3
for a pendent neighbor £, of vy;) since otherwise we would have f (vgir2) = 0,
contradicting Lemma 12. In both cases, we thus get the desired inequality.

Since o contains exactly r + 1 = t, distinct pairs of vertices of the form (vy;, v9;11),
we get

flo) = i (f (vai) + f*(v2i+1)> <3(r+1) = 3t,.
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This completes the proof. O

The following lemma states that Lemma 14 covers all possible caterpillars that admit a
non-canonical independent broadcast with sufficiently large cost.

Lemma 15 If CT = CT (Ao, ..., \x) is a caterpillar of length k > 1, with no pair of
adjacent trunks, such that there exists an optimal non-canonical independent broadcast f
on CT with cost(f) > 2(diam(CT)—1), then Lemma 14 gives an upper bound on cost(f).

Proof. Let CT = CT(\,. .., Ax) be a caterpillar of length k£ > 1, with no pair of adjacent
trunks, f be an optimal non-canonical independent broadcast on CT" with cost(f) >
2(diam(CT) — 1), and v;, 0 < i < k, a spine vertex of C'T.

If \; > 3, then f*(v;) = A; by item 5 of Lemma 11, and thus by item 1 of Lemma 14.
If \; =0, then f*(v;) <1 by item 2 of Lemma 13, and thus by item 1 of Lemma 14.

Suppose now that 1 < \; < 2. If i = 0 or i« = k, then f*(v;) < 3 by items 1 to 4 of
Lemma 11, and thus by item 1 of Lemma 14. We assume now that 1 < i < k — 1. If
Ai—1 >0 or Aiyq > 0, then f*(v;) < 2 by item 3 of Lemma 14.

The remaining case is thus 1 < i < k—1, \;_; =0 and A\;;; = 0. We consider the set of
all occurrences of a pattern, in which 0’s and 27’s alternate, that contain vertices v;_1, v;
and viy1. Let 0 = v,0441...0, 0 <a<i—1<1+4+1<b<k besuch an occurrence with
maximal length. Note here that we necessarily have v, # v; and v, # v;. We consider
three cases.

1. Ay =Xy =0.
By the maximality of o, we necessarily have \,_; > 3 and A\y.; > 3. Therefore, the
value of f*(o) is bounded by item 5 of Lemma 14.

2. A, =0 and X\, > 0 (the case A\, > 0 and A\, = 0 is similar, by symmetry).
By the maximality of o, we necessarily have A\,_; > 3 and either b = k, or b < k
and A\pr1 > 1. If b = k, then the value of f*(¢) is bounded by item 6 of Lemma 14.
If b <k and \pyq > 1, then f*(v,...vp_1) is bounded by item 5 of Lemma 14.

3. Ay > 0and X\, > 0.
By the maximality of o, we necessarily have (i) either a =0, or a > 0 and \,_; > 1,
and (ii) either b =k, or b < k and Ay 1 > 1.

If a > 0 and b < k, then the value of f*(o) is bounded by item 4 of Lemma 14.

If a =0 and b < k (the case a > 0 and b = k is similar, by symmetry), then the
value of f*(v,...vp_1) is bounded by item 6 of Lemma 14.
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Finally, if a = 0 and b = k, the caterpillar CT has pattern 27(027)™. In that
case, we have diam(CT) = 2r + 2 and thus 2(diam(CT) — 1) = 4r + 2. But by
Lemmas 12 and 13 (as discussed in the proof of item 6 of Lemma 14), we have
[*(v;) + f*(vj41) < 3 for every j, 0 < j < 2r—2. Moreover, by item 2 of Lemma 11,
we have f*(vq,.) = 3. Therefore, f*(CT) < 3r +3 < 4r 4+ 2 = 2(diam(CT) — 1).
This contradicts our assumption on the value of cost(f), and thus this case cannot
occur.

Therefore, in all cases, either f*(v;) or f*(¢) for an occurrence o of a pattern containing
v; is bounded by some item of Lemma 14. This concludes the proof. 0J

Using Lemmas 14 and 15, we can now prove that no optimal non-canonical independent
broadcast f on CT with cost(f) > 2(diam(CT') — 1) and cost(f) > *(CT') can exist.

Lemma 16 Let CT = CT ()Xo, ..., ) be a caterpillar of length k > 1, with no pair of
adjacent trunks, and f be an optimal non-canonical independent broadcast on CT with
cost(f) > 2(diam(CT) — 1). We then have cost(f) < *(CT).

Proof. Let us denote by f; the non-canonical independent broadcast on C'T" constructed
in the proof of Lemma 10, thus with cost(fy) = *(CT).

By considering the four steps involved in the construction of fy, it clearly appears that
f1 satisfies the five items of Lemma 11, item 2 of Lemma 12 and item 2 of Lemma 13.
Therefore, fy satisfies item 1 of Lemma 14. Moreover, if v; is a trunk that does not appear
in any pattern considered in Lemma 14, then f;(v;) = 1. Indeed, the fy-value of v; is set
to 1 in step 1 of Lemma 10 and is not modified in steps 2 to 4.

We now prove that f, satisfies the five last items of Lemma 14 and that, in each case,
the upper bound is attained. We will refer to steps 1 to 4 of the proof of Lemma 10 and
to the corresponding intermediate independent broadcasts f; to f3. Recall first that in
step 1, every trunk and every pendent vertex is assigned the value 1.

1. Item 2 of Lemma 14.
If v; is a stem with \; > 3, the value of its pendent neighbors is not modified in
steps 2 to 4. Therefore, we get f;(v;) = f;(v;) = \; for every such v;.

2. Item 3 of Lemma 14.
Let v,v411, 0 < a < k, be an occurrence of the pattern 172~ (the case 2717 is
similar, by symmetry). Note here that if v, is the leftmost vertex of an occurrence
of the pattern 172(02)"" 1", then the value of its pendent neighbors is not modified
in step 3.

If Aot1 = 1, then, in step 2, the value of ¢}, is set to 2 and not modified in step 4.
If A1 = 2, then the value of the pendent neighbors of v, is not modified in steps
2 and 4. Therefore, f;(v,+1) = 2 in both cases.



26 M. AHMANE, I. BOUCHEMAKH, E. SOPENA

3. Item 4 of Lemma 14.
Let v,00, = VUi41 ... V0,42 be an occurrence of the pattern 1727(027)*"17, for
some 7, 0 <17 < k — 2r — 2. In that case, we have t, = r.

If v,ovy is an occurrence of the pattern 172(02)™" 17, the value of the vertices of o
are not modified in steps 2 to 4. Therefore, we have f; (o) = f{ (o) =2(r+1)+r =
3r+2=3t, + 2.

Suppose now that o contains at least one stem having only one pendent neighbors.
In step 3, the value of £}, is set to 2 if A\;;1 = 1, the value of £},,, ., is set to 2 if
Aitors1 = 1, the value of £}, 5,1, 1 < j <7 —1,is set to 3 (and the value of (7, ,,
is set to 0 if A\;y2;11 = 2), and the value of every trunk is set to 0. We thus get

filo)=fi(c)=24+2+3(r—1)=3r+1=3t,+ 1.

4. Item 5 of Lemma 14.
Let 0 = vvi41 . .. Vizar+2 be an occurrence of the pattern 027 (027)*"0, for some 1,
1 <i<k—2r—3. In that case, we have t, = r + 2.

If o is an occurrence of the pattern 02(02)*"0, the value of the vertices of o are not
modified in steps 2 to 4. Therefore, we have f;(0) = fi(o) =2(r+1)+r+2 =
3r+4=3t, —2.

Suppose now that o contains at least one stem having only one pendent neighbor.

In step 3, the value of £],,;,,, 0 < j <7, is set to 3 (and the value of (7, is set
to 0 if A\if9;41 = 2), and the value of every trunk is set to 0. We thus get

fi(0) = filo) =3(r+1) = 3r+3 = 3t, — 3.

5. Item 6 of Lemma 14.
Let vy ... v9r41 be an occurrence of the pattern [27(027)*0 (the case 027(027)*] is
similar, by symmetry). In that case, we have t, = r + 1.

In step 3, the value of Eéj, 0 <j<r, isset to3 (and the value of Egj is set to 0 if
Ag; = 2), and the value of every trunk is set to 0. We thus get

filo) = f3(0) =3(r +1) = 3r + 3 = 3t,.

By Lemma 14, we know that there exists an optimal non-canonical independent broadcast
f with cost(f) = cost(f) which satisfies all items of Lemma 14. We have proved that
the non-canonical independent broadcast f; constructed in the proof of Lemma 10 also
satisfies all items of Lemma 14. Thanks to Lemma 15, we thus have

cost(f) = cost(f) < cost(fy) = B*(CT),

which completes the proof. O

We are now able to state our main result, which determines the broadcast independent
number of any caterpillar with no pair of adjacent trunks.
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Theorem 17 Let CT = CT (X, ..., \x) be a caterpillar of length k > 1, with no pair of
adjacent trunks. The broadcast independence number of C'T" is then given by:

By(CT) = max {2(diam(CT) — 1), B*(CT)}.

Proof. We know by Observation 1 that £,(CT) > 2(diam(C7T') — 1) and we already ob-
served that the canonical independent broadcast f.on CT satisfies cost( f.) = 2(diam(CT)—
1). According to Lemma 10, it is thus enough to prove that for any optimal non-canonical
independent broadcast f on CT with cost(f) > 2(diam(CT) — 1), cost(f) < p*(CT),
which directly follows from Lemma 16. U

In several cases, the value of 5*(CT) has a simple expression. Consider for instance a
caterpillar C'T, of length £ > 1, having no trunk. We then have *(CT) = A(CT) +
n1(CT), where ny stands for the number of spine vertices having exactly one pendent
vertex. Since A(CT') > ny(CT)+2(k+1—ny(CT)) = 2k+2—n(CT) (spine vertices have
either one or at least two pendent neighbors), we get 5*(CT') > 2k+2, with equality if and
only if C'T contains no stem with at least three pendent neighbors. Since 2(diam(CT') —
1) = 2k + 2, we get the following corollary of Theorem 17.

Corollary 18 Let C'T be a caterpillar of length k > 1 having no trunk. We then have
Go(CT) = 2k + 2 = 2(diam(CT) — 1) if CT has no stem with at least three pendent
neighbors, and B,(CT) = XN(CT) 4+ ny(CT) otherwise.

Moreover, thanks to Observation 4, we can also give the broadcast independent number
of caterpillars having adjacent trunks but not stem with at least three pendent neighbors.

Corollary 19 Let CT be a caterpillar of length k > 1. If CT has no stem with at least
three pendent neighbors, then B,(CT) = 2k + 2 = 2(diam(CT) — 1).

Finally, note that if every stem in a caterpillar C'T" of length £ > 1 with no pair of adjacent
trunks has at least three pendent neighbors, then no pattern involved in the definition of
B*(CT) can appear in CT. In that case, since 7(CT) < |£] and A(CT) > 3 ([£] +1),
we get

B (CT) = \NCT) +71(CT) > 2k + 2 = 2(diam(CT) — 1).

Therefore, we have:

Corollary 20 Let CT be a caterpillar of length k > 1, with no pair of adjacent trunks.
If all stems in CT have at least three pendent neighbors, then 5,(CT) = N(CT) + 7(CT).
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