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Abstract: An incidence of a graph G is a pair (v,e) where v is a vertex
of G and e is an edge of G incident with v. Two incidences (v, e) and (w, f)
of G are adjacent whenever (i) v = w, or (ii) e = f, or (iii) vw = e or
f. An incidence p-colouring of GG is a mapping from the set of incidences
of G to the set of colours {1,...,p} such that every two adjacent incidences
receive distinct colours. Incidence colouring has been introduced by Brualdi
and Quinn Massey in 1993 and, since then, studied by several authors. In
this paper, we introduce and study the strong version of incidence colouring,
where incidences adjacent to a same incidence must also get distinct colours.
We determine the exact value of — or upper bounds on — the strong incidence
chromatic number of several classes of graphs, namely cycles, wheel graphs,
trees, ladder graphs and subclasses of Halin graphs.

Keywords: Strong incidence colouring; Incidence colouring; Tree; Halin
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1 Introduction

All graphs considered in this paper are simple and loopless undirected graphs. We denote
by V(G) and E(G) the set of vertices and the set of edges of a graph G, respectively, by
A(G) the maximum degree of G, by N(v) the set of vertices adjacent to the vertex v and
by diste(u, v) the distance between vertices v and v in G.

An incidence of a graph G is a pair (v, e) where v is a vertex of G and e is an edge of G
incident with v. Two incidences (v,e) and (w, f) of G are adjacent whenever (i) v = w,
or (ii) e = f, or (iii) vw = e or f.

An incidence p-colouring of G is a mapping from the set of incidences of G to the set of
colours {1,...,p} such that every two adjacent incidences receive distinct colours. The
smallest p for which G admits an incidence p-colouring is the incidence chromatic number
of G, denoted by x;(G). Incidence colourings were first introduced and studied by Brualdi
and Quinn Massey [2]. Incidence colourings of various graph families have attracted much
interest in recent years, see for instance [3| 4l 6], [7, 10, [1T], T2].

A strong edge p-colouring of G is a mapping from the set of edges of G to the set of colours
{1,...,p} such that any two edges meeting at a common vertex, or being adjacent to a
same edge of GG, are assigned different colours. The smallest p for which G admits a strong
edge p-colouring is the strong chromatic index of G, denoted by x,(G).

The strong version of incidence colouring is defined in a similar way. A strong incidence
p-colouring of a graph G is a mapping from the set of incidences of G to a finite set of
colours {1, ..., p} such that any two incidences that are adjacent or adjacent to the same
incidence receive distinct colours. The smallest p for which G' admits a strong incidence
p-colouring is the strong incidence chromatic number, denoted by x:(G).

Our paper is organised as follows. We first give some preliminary results in Section [2 We
then study the strong incidence chromatic number of simple graph classes (stars, complete
graphs, cycles, wheel graphs and trees) in Section [3 of ladder graphs in Section [4] and
of subclasses of Halin graphs in Section [5} We finally propose some directions for future
research in Section [6l

2 Preliminary results

We list in this section some basic results on the strong incidence chromatic number of
various graph classes.

The square G* of a graph G is the graph defined by V(G?) = V(G) and wv € E(G?) if
and only if distg(u,v) < 2. A colouring of G? is called a 2-distance colouring of G and
the 2-distance chromatic number of G is denoted by x2(G).



Strong Incidence Colouring of Graphs 3

For any graph G, the incidence graph of G, denoted by I, introduced in [I], is the graph
whose vertices are the incidences of (G, two incidences being joined by an edge whenever
they are adjacent. Clearly, every incidence colouring of GG is nothing but a proper vertex
colouring of Ig, and every strong incidence colouring of G is nothing but a 2-distance
colouring of G, so that, x;(G) = x(Ig) and x;(G) = x2(Ie). Moreover, since every strong
incidence colouring is an incidence colouring, we have x;(G) < x{(G) for every graph G.

For every vertex v in a graph G, we denote by A~ (v) the set of incidences of the form
(v,vu), and by A*(v) the set of incidences of the form (u, uv) (see Figure[l)). We thus have
|A~(v)| = |AT(v)| = deg(v) for every vertex v. Every edge uv of G has two incidences
(u,uv) and (v,vu). We will say that two incidences are strongly adjacent if they are either
adjacent or adjacent to a same incidence. The following observation will be useful.

Observation 1 For every incidence (v,vu) in a graph G with mazimum degree A, the
set of incidences that are strongly adjacent to (v,vu) is

U Afw) UA)UUA

weN (v)\u weN (v weN (u)\v

whose cardinality is at most 3A% — 2A.

Indeed, the cardinality of the set of incidences that are strongly adjacent to (v,vu) (see
Figure [2) is

Z deg(w Z deg(w Z deg(w) < 2A(A — 1) + A%

weN (v)\u weN (v) weN (u)\v

Therefore, if we colour G with 3A% — 2A 4 1 colours, then there exists at least one free
colour that can be assigned to each incidence (v,vu) of G. We thus have the following
upper bound on the strong incidence chromatic number of every graph.

Proposition 2 For every graph G with mazimum degree A, x5(G) < 3A% —2A + 1.

For a given graph G with maximum degree A, we let

o0(G) = max {2 degq(v) + degq(u) — 1}

weE(G

For every edge uv in E(G), the incidences of the set A~ (v) U A*(v) U A~ (u), of cardi-
nality 2degg(v) + degy(u) — 1, are pairwise strongly adjacent, which means that they
must be assigned distinct colours. Therefore, using Proposition [2 we have the following
inequalities.
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Incidences in A~ (u) : *, x
Incidences in At (v): o, x

Incidences in A~ (v) : ©

Incidences in AT (w), w € N(v)\u: *

Incidences in A~ (w), w € N(v) : o

Incidences in A~ (w), w € N(u) \ v:

Figure 2: Strongly adjacent incidences.

Proposition 3 For every graph G with mazimum degree A, o(G) < x3(G) < 3A? —
2A + 1.

In the following proposition we give an upper bound on the strong incidence chromatic
number of a graph G as a function of its strong chromatic index.

Proposition 4 For every graph G, x5(G) < 2x,(G).

Proof. Let A be a strong edge p-colouring of G. From this colouring, a strong incidence
2p-colouring X' is obtained using the set of 2p colours {1,1... p,p'} as follows: for every
edge uwv € E(G), if Nwv) =k, k € {1,...,p}, then XN(u,uv) = k and X (v,vu) = k'
Indeed, if N (u,uv) = N (w,wz) for two incidences (u, uv) and (w, wx) of G, then A\(uv) =
A(wz), which implies distg(uv, wz) > 3, and thus dist;, ((u, wv), (w,wz)) > 3. =

3 Simple graph classes

In this section, we determine the strong incidence chromatic number of stars, complete
graphs, cycles, trees and wheel graphs.

We denote by S,,, n > 1, the star of order n + 1, by K,, n > 1, the complete graph
of order n and by K,,,, m > n > 2, the complete bipartite graph with parts of size
m and n. In [2], Brualdi and Massey showed that x;(S,) = n + 1, x;(K,) = n and
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Xi(Kmn) = m+ 2, for all m > n > 2. Since all incidences of any graph in these classes of
graphs are pairwise strongly adjacent, we have the following proposition.

Proposition 5

1. For everyn > 1, x$(S,) = 2n,
2. for everyn > 2, x;(K,) =2|E(G)|,

3. for every m >n > 2, x{(Kp,) = 2nm.

Let C,, n > 3, denote the cycle of order n. Observe that I, = C3,. Therefore, a strong

incidence colouring of the cycle C), is a 2-distance colouring of C3, , that is nothing but a

proper colouring of (C2)? = Cj,. We thus have the following result.
Proposition 6 For every integer n > 3, x:(C,) = x(Cs,,).
By setting a = 4, the following theorem gives the value of x(C3,).

Theorem 7 (Prowse and Woodall [8]) Letn and a be positive integers such that n >
2a andn =q(a+1)+r, withq >0 and 0 <r <a. Then x(C?) =a+ 1+ [r/q].

Using Proposition [6] and Theorem [7], we can infer the value of the strong incidence chro-
matic number of any cycle.

Theorem 8 Let n be a positive integer such that n > 4 and 2n = bq +r, with ¢ > 0 and
0<r<4. Then x(C,) =5+ [r/q].

We now determine the value of x5 (W,,), where W,,, n > 3, is the wheel graph of order n+1,
obtained from C,, by adding a universal vertex. It is easy to observe that y;(W,,) =n+1
for every n > 3. Indeed, since the square of W,, is the complete graph Kj, 1, we get

Using Proposition |5 and Theorem [8| we can determine the strong incidence chromatic
number of wheel graphs.

Theorem 9 Let n be a positive integer such that n > 3 and 2n = bq +r, with ¢ > 0 and
0<r<4. Then x;(W,) =5+2n+ [r/q].
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* * ok
* *
* A

* * *

Figure 3: The graph L.

Proof. Since W3 = K4, the result holds by Proposition [5| for n = 3. Suppose now n > 4
and let T" denote the spanning subgraph of W,, isomorphic to S,. Since every incidence
in T is strongly adjacent to every incidence not in T, we get x5(W,,) = x5(Cw,,) + x5 (Sn)
and the result follows from Proposition [f| and Theorem [§ m

We finally determine the strong incidence chromatic number of trees.

Theorem 10 If G is a tree then x{(G) = mggcg){Q dege(v) + degn(u) — 1} = 0(G).
uve

Proof. By Proposition 3} we have x;(G) > ¢(G). The other direction is proved by induc-
tion on |V(G)|. If G is a star, then o(G) = 2n and the result follows from Proposition [
We can thus assume that G is not a star, so that |V(G)| > 4. Let u be a vertex of G of
degree p + 1 > 3 having only one neighbour, denoted by «’, which is not a leaf, and let
A ={vy,...,v,} be the set of p leaves that are neighbours of u. Let A be a strong inci-
dence colouring of G\ A. Now, observe that each incidence of the form (u,uv;), 1 <i <p,
has at most

2dega a(u) = 2degg(u) < 0(G) — degg(u) + 1

strongly adjacent incidences in G \ A, and each incidence of the form (v;, v;u), 1 <i <p,
has at most

dega 4 (u') +1 = degg(u') +1 < 0(G) — 2degg(u) + 1

strongly adjacent incidences in G\ A, so that A can be extended to a strong incidence
colouring of G, starting by colouring the incidences of the form (u,uv;), 1 <i < p, and
then, the incidences of the form (v;, v;u), 1 <7 < p. This concludes the proof. =

4 Ladder graphs

The ladder graph, denoted by Ly, is obtained from two paths of order h, h > 1, P, =
vy...vp and P, = vy ... v, by adding the edges v;v, 1 < i < h. In the following theorem,
we give the value of x{(Ly).

Theorem 11 For every integer h > 3, x;(Ly) = 10.
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Figure 4: A strong incidence 10-colouring of Ls.

Proof. Note that when h > 3, L; contains a subgraph isomorphic to the graph L (see
Figure [3) which contains 10 pairwise strongly adjacent incidences (marked with a star),
implying x$(Ly) > 10 for every h > 3. To complete the proof, it suffices to give a strong
incidence 10-colouring A of Lj. Such a colouring can be obtained as follows (see Figure
for the case h = 5).

1. We sequentially colour the incidences of the path P, using the pattern 123456.
2. We sequentially colour the incidences of the path P; using the pattern 456123.
3. For every 7, 1 <1 < h, we set

o \(v},viv;) =7 and A(v;,vv)) = 8, if 4 is odd,

7

o \(v},viv;) =9 and A(v;, v;v)) = 10) if i is even.

i Y1

The so-obtained colouring is clearly a strong incidence colouring of Lj. This concludes
the proof. m

5 Subclasses of Halin graphs

Recall first that a Halin graph H is a planar graph obtained from a tree of order at least
4 with no vertex of degree 2, by adding a cycle connecting all its leaves [5]. We call this
cycle the outer cycle of H. The subgraph T obtained by deleting all the edges of the
outer cycle of H is thus a tree, called the internal tree of H.

In this section, we determine the exact value of — or upper bounds on — the strong incidence
chromatic number of every Halin graph whose internal tree is either a comb or a double
star.

5.1 Halin graphs whose internal tree is a comb

A tree is called a (3,1)-tree if the degree of each non-leaf vertex is 3. A caterpillar is a
tree T" such that, after deleting all its leaves, the remaining graph is a simple path called
the spine of T. A comb is a caterpillar which is also a (3,1)-tree. It is easy to see that
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U1 V2 U3 Vh—2 Vh—1 Vh

NI

0 2 ls Lh_2 Lh—1 Ly,

Figure 5: The graph Nj.
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Figure 6: Strong incidence 12-colourings of Ny, N, and Nj.

every Halin graph whose internal tree is a comb is a cubic Halin graph. In particular, if
the spine has one vertex then this is the complete graph Kj.

For every integer h > 1, we construct a Halin graph Hj of order 2h + 2 whose internal
tree T}, is a comb, using the construction given in [9]. Let P, = v1v,. .. vp, be the spine of
Hj. We denote by ¢, and ¢ (resp. ¢, and ¢}) the two leaves of vy (resp. v), by ¢; the
unique leaf of v;, 2 <7 < h — 1, and by C} the outer cycle of Hj,.

Let Hj, be the set of all Halin graphs whose internal tree is a comb of order 2k 4+ 2. A
Halin graph Hj such that Cj, = (105 ... 0, ¢; is called a necklace. We denote by N}, the
(unique) necklace of order 2h 4 2. Observe that Hf, = {N,} for every h, 1 < h < 3.

It is easy to see that all incidences of N; are pairwise strongly adjacent. Therefore,
X;(Np) = 12. If G = Ns, then the incidences of the set

A7 (v1) UAT (01) UA™ (02) U{(0, 0105), (65, 0501), (Lr,1ls), (L2, Lalh)},

of cardinality 12, are pairwise strongly adjacent. Hence, we have xj(Ny) > 12. Also,
the cardinality of the set of the incidences of N3 is 24. Therefore, if we colour the graph
with 11 colours, then at least two colours must be repeated at least three times or at
least one colour must be repeated at least four times. It is tedious but not difficult to
check that this is not possible. Hence, x{(N3) > 12. Strong incidence 12-colourings of
Ny, 1 < h <3, are given in Figure [0]



Strong Incidence Colouring of Graphs

Or bm
L 4
, U1 V2 v3 Vh—2 Vh—1 Uh ,
£ I - * I 4,
- L
£y Lo Ly 17
(a)
01 02 L,
I L L
Vh—2 Vh—1 Uh
4 o . A
V1 V2 v3
\ L
Lr lp—1 Ly,
(b)

* %
*
*
* *
@
* % * k%

Figure 8: The graph F'

Suppose now h > 4. In [9], Shiu, Lam and Tam proved the following theorem.
Theorem 12 (Shiu, Lam and Tam [9]) If H € H§, h >4, then 6 < x,(H) < 8.

By Proposition [i] and Theorem [12] we get x(H) < 16, for every graph H € Hj, h > 4.
We prove that if H is not a necklace then this bound can be decreased to 14.

Theorem 13 If H € H{ \ {Nn}, h >4, then 11 < x$(H) < 14.

Proof. Let H € H§ \ {N,}. By exchanging if necessary the leaves ¢; and ¢}, or ¢,
and (), we can assume that H has either the form depicted in Figure [fj(a) or the form
depicted in Figure (b), where the edges v;¢;,3 < 1 < h — 2, may be either upward or
downward. In both cases, H contains a subgraph isomorphic to the graph F' (see Figure

which contains 11 pairwise strongly adjacent incidences (marked with a star), implying
Vi(H) > 1L,
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10

10 11 12 13 14 11 12 13 14 10
10
8 9 8
4
6 4 6 3 4 5 6 2
mm\1 2 3 7 5 2 1 7
8 9
13
137 12 11 10 14
(b)
10
3 4 5_1 2 4
7 6 3 6 ¢
9 8 9 8
137 12 11 10 14 13 12
(c)
12 13 14 10 11 12 13 10 11 12
11
8 9 8 9 9
10
6 4 6 T o5 1 3 4 6 1 6 4 1 3
u\y\1r 2 3 7 5 1 2 3 4 6 7 5 7 3 7 7
9 8 9 8 9 Ao
137 12 11 10 14 13 12 137 12 11
(d) (e)

Figure 9: Strong incidence 14-colourings of graphs in Hjf, 4 < h <8.
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We now construct a strong incidence 14-colouring A of H assuming that H has either
the form depicted in Figure[7j(a) or the form depicted in Figure [7a|(b), which means that
the incidence (vq, v2ls) (resp. (vp—1,Up—1vp)) is not strongly adjacent with the incidence
(¢4, 04 41) (resp. (€},,0,0,)). Such a colouring can be obtained as follows (see Figure [J)).

e We colour the incidences of the path ¢}, ¢} sequentially, from (¢}, ¢vy) to (¢}, €),vp)
using the pattern 12345.

e For every integer ¢, 1 < i < h, we set A(v;,v;;) = 6 if i is odd and A(v;,v;l;) =7
otherwise.

e We colour circularly the incidences of the form (¢;, ¢;v;), 1 < i < h according to
their order in the outer cycle Csy, 15 by alternating the colours 8 and 9.

e We exchange the colours of the two incidences (vq,v2ls) and (va,v9vq), and the
colours of the two incidences (v,_1,vp—_1vp) and (vp_1, Vp_10p_1).

e We now colour the incidences of the outer cycle Cs,. o according to the value of h
mod 5:

— h =5k, k > 1 (see Figure[J[(a) for the case h = 5).
We first set /\(ﬁll,gllfl) = )\(/UQ,'UQEQ), )\(fl,flfll) = )\(Ug,vgvg), )\(al,flhgh) =
AMVp—1,0p—10p—1) and N(lp, lpl;) = N vp—1,vh—1Up—2). We then sequentially
colour the uncoloured incidences of Cyy o, starting from (¢q,¢1¢s), using the
pattern 10.11.12.13.14.

— h=5k+1, k> 1 (see Figure [§b) for the case h = 6).
We first set A(¢},0101) = A va,v9f). We then sequentially colour the un-
coloured incidences of Cyp, 9, starting from (¢4, ¢1¢}), using the pattern 10.11.12.13.14.

— h=5k+2, k> 1 (see Figure [Jfc) for the case h = 7).
We first set N(€], 0101) = A(vg, valy), A(ly,€10}) = X(va, vav3) and A(€}, 0, 0)) =
Avp—1,vn-10n—1). We then sequentially colour the uncoloured incidences of
Cope, starting from (€1, ¢145), using the pattern 10.11.12.13.14.

— h=5k+ 3, k> 1 (see Figure [9f(d) for the case h = 8).
We sequentially colour the incidences of Cop 9, starting from (¢}, ¢1¢;), using
the pattern 10.11.12.13.14.

— h =5k +4, k>0 (see Figure [Jf(e) for the case h = 4).
We first set A(€),0101) = A(vg,vels) and A(€q, 610)) = A va, v9v3). We then
sequentially colour the uncoloured incidences of Cyy, 4o, starting from (¢4, ¢145),
using the pattern 10.11.12.13.14.

In each case, the so-obtained colouring is clearly a strong incidence colouring of G € Hj.
This completes the proof. m

We Now determine the value of the strong incidence chromatic number of necklaces.
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2/* * % Vlo o020 x U3y xUio oo oAf3 4 5 6 11 12 1 2 3 4
1
* o ° x x © % 12 8 10 8 10 8
o o X X <¢ 7 9 7 9 7
* > 11
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@10 OEQO Xz3>< ><€4<> < 5 6 11 12

(a) (b)
Figure 10: The necklace N5 (for the proof of Theorem .

Theorem 14 For every necklaces Ny, h > 1, we have

12 ifh=1,2,3,5,

11 otherwise.

) = {

Proof. As we showed in the proof of Theorem [I3| N}, contains a subgraph isomorphic
to the graph F' (see Figure [§), which implies x$(N,,) > 11 for every h > 1. The values of
X3 (Ny), 1 < h <3, were given in the beginning of the subsection.

If h = 5, the cardinality of the set of the incidences of Ny is 36. Therefore, if we colour the
graph with 11 colours, then at least three colours must be repeated at least four times, or
one colour must be repeated at least five times and one colour must be repeated at least
four times, or at least one colour must be repeated at least six times. We will prove that
at most two colours can be repeated four times, which will imply x§(Ns) > 12.

The set of incidences of N5 can be partitioned into four sets, the set of incidences marked
with a star, the set of incidences marked with a diamond, the set of incidences marked
with a circle and the set of incidences marked with a cross (See Figure [10[(a)). Since, in
each of these sets, all incidences are pairwise strongly adjacent, the colour of any incidence
of N5 can be repeated at most four times. Moreover, any colour repeated four times must
be used exactly once in each of these sets. We now prove that among the colours of the
incidences marked with a star in Figure [10a), only two colours can be repeated four
times.

e The incidence (¢}, ¢} 0%).
The set of the incidences that are not strongly adjacent with this incidence can be

partitioned into the two sets {(UQ, U2€2), (1)2, U2’U3), (62, 62’02), (62, 6263), (’03, U31)2), (62, £2€3)}
and {<U37U3€3)? (Ua,U3U4)7 (4375303); (5375354), (U4,U403), (04,1)444), (U4,U4U5), (5475453),

(L4, Lyvy), (L4,0405)}. Since, in each of these sets, all incidences are pairwise strongly
adjacent, the colour of the incidence (¢, ¢} ¢5) can be repeated only two more times.

e The incidence (¢}, ¢ vy).
The set of the incidences that are not strongly adjacent with this incidence can be
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partitioned into the two sets {<£2, gQUQ), (62, 6263), (Ug, 1)31)2), (Ug, U3£3), (’037 U3U4), (63, 6362), (gg, 63?
(637 6354)} and {(U4, U4U3), (U4, ’U4€4), (?}47 U4U5), (64, 6463), (£47 €4U4), (647 6465), (U5, U5U4),

(vs,v505), (U5,0504), (L5, 5vs5), }. Since, in each of these sets, all incidences are pair-

wise strongly adjacent, the colour of the incidence (¢}, ¢jv;) can be repeated only

two more times.

e By symmetry, the case of the incidence (¢}, ¢1 ;) is similar to the case of the incidence

(6/17 ellvl)'

Based on the above, only the colours of the two incidences (¢4, ¢1¢}) and (vy,v1¢}) can be
repeated four times. Hence, x(N5) > 12. A strong incidence 12-colouring of Nj is given
in Figure [10[(b), so that x{(Ns) = 12.

Finally, if h = 4 or h > 6 then it suffices to construct a strong incidence 11-colouring of
Np,. Such a colouring can be obtained as follows (see Figure . We consider two cases,
depending on the parity of h.

e / is even.

— We first colour the subgraph S}, induced by the set of vertices {vy, ..., vy, £1,..., lp}
(which is isomorphic to the ladder graph L), as in the proof of Theorem .

— We then modify the colouring of the subgraph .S;, and we complete the colouring
of Ny according to the value of h mod 6:

x h =6k, k > 1 (see Figure|l1|a) for the case h = 6).
We set \(4y,0,0)) = 6, N4, 000) = 10, N0, lv1) = 9, Moy, v fy) =
11, N, 000) = 3, X, 00) = 2, X, o) = 7, X, 0.0, = 8,
)\(’Uh,l)hal) = 11, /\(gh,ghal) = 5

% h=06k+2, k> 1 (see Figure[L1|(b) for the case h = 8).
We set /\(61,6162) = ]_1, /\(gl,glgll) = 6, /\(6’1,6/161) = ]_0, )\(E’l,f’lvl) = 97
Aur, 0160) = 3, M0, 60) = 1, Al ) = 2, Mty Con) = T, ME, ) =
8, )\(vh,vhé’h) = 6, )\(fh,ghg;L) = 3.

* h =6k+4, k>0 (see Figure[L](c) for the case h = 10).
We set A(lo, loly) = 11, A€y, 010)) = 6, N0, 0001) = 10, A}, lvy) =
9, Moy, vil)) = 3, M, 00) = 2, X, 0.00) = 11, X4, Gon) = 7,
)‘(%aeﬂh) = 8, )\(Uh,vh%) = 4, A(ﬁh,gha) = 1

e h is odd.

— We first colour the subgraph S), induced by the vertices {vq, ..., vp, l1,..., lp}
(which is isomorphic to the ladder graph Lj), as in the proof of Theorem [11]
and we make the following modifications.

We set )\(Uh,4,1)h,4£h,4) = 11, )\(Uh,;g, Uh73£h73) = 8, )\(Uhfg, Uh,QEh,Q) = 11,
A lp—g, lh—ovp—2) = 10, N(vp—1,Vp—1n—1) = 8, A1, lh—1Up—1) = T, Mvp, vply) =
10, /\<€h7€hvh> =09.
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7 9 7 9 79
6 5
1 2 3 4 5 6 1 2 3 4
(a)

10 8 10 8 10 8 10
7 9 7 9 7 9
6
1 2 3 4 5 6 1 2 3 4 5 6
(b)

10 2 8 11 8

9 7 9 10 7

11 3 4 5 6 1 2 3 4 5

10 8 10 8 10 11 8 11 8 10 A
7 9 7 9 7 9 10 79
6 5
1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4
(e)

Figure 11: Strong incidence 11-colourings of N, 6 < h < 11.
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Figure 12: The Halin graph HD,, .

— We modify the colouring of the subgraph S;, and we complete the colouring of
N}, according to the value of h mod 6:

* h=06k+1, k>1 (see Figure [11[(d) for the case h = 7).

We set )\(6276261) = 11, )\(617615/1) = 6, )\(6/176/151) = 10, /\(6/1,6/11)1) =
9, Moy, vily) = 3, M, 000) = 2, X, 0.0) = 11, X, lvn) = 7,
A, 0 0) = 8, Mup,vply) = 4, XUy, €p0)) = 1. if h = 7 the we exchange
the colours of the incidences (v, v3vy) and (vs, v3l3).

x h =6k+ 3, k> 1 (see Figure [11|(e) for the case h =9).
We set \(4q,0,07) = 6, N0y, 000) = 10, N0, lv) =
1, (LG8 = 3, Ml B,6) = 2, Ml o) = 7.
)\(vh,vh%) = 11, )\<£h7€h€§1) = 5

* h=06k+5, k>1 (see Figure [1I[f) for the case h = 11).
We set /\(61,6162) = ]_17 /\(61,616’1) = 6, /\(6’1,6/161) = ]_07 )\(E'l,f'lvl) = 97
Awr, 0160) = 3, M0 60) = 1, Al ) = 2, Mty Con) = T, ME, ) =
8, )\(vh,vhf’h) = 6, )\(fh,ghglh) = 3.

9, )\(vl,vlﬁ’l) =
A(glfwg/hgh) = 9

In each case, the so-obtained colouring is clearly a strong incidence colouring of Nj,. This
completes the proof. m

5.2 Halin graphs whose internal tree is a double star

The double star, denoted by S, ,, m > n > 2, is the graph obtained from the stars S,
and .S, by adding an edge joining the central vertex of S,,, to the central vertex of S,,. The
Halin graph HD,,,, (see Figure is the Halin graph whose internal tree is the double
star S, , and whose outer cycle is u; ... UV, ... v1u;. We denote by P the path vy ... v,
and by P’ the path uy...u,.

It is easy to see that for every graph HD,, ,, m > n > 2, the incidences of the set
A" (V) UAT(v) U A (u) U {(vy,v1u1)},

of cardinality 2 deg(v)+deg(u) = o(H D,,,)+1, are pairwise strongly adjacent. Therefore,
we have the following inequality.
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Figure 13: Strong incidence colourings of H D, 5 and HDs .

Proposition 15 For every two integers m andn, m >n > 2, x3(HD,,,) > 2m+n+3 =
o(HD,,,) + 1.

We first define a partial colouring A of HD,, ,, for every m > n > 3, as follows.

e The incidences (v,vu), (v,vvy), (v,vv3),..., (v,vv,,) are coloured with the colours
1,2, 3,..., m+ 1, respectively.
e The incidences (u, wv), (u,uu), (u,uus),..., (u,uu,) are coloured with the colours

m+2 m+3, m+4,..., m+n+ 2, respectively.

e The incidences (vy,v1v), (vg,v90),. .., (Um,v,v) are coloured with the colours m +
n+3, m+n+4,..., 2m+n + 2, respectively.

e The incidence (vy,v1u) is coloured with the colour 2m + n + 3.

In the next lemmas, we will extend A to a colouring of HD,, ,, according to the values of
m and n.

Lemma 16 For every integer m > 2,

R . O_(HDm72)+4 me:27
X;(HD,,2) = { 0(HD,,2) 4+ 3  otherwise.

Proof. Strong incidence colourings of HD; 3 and H D3, are given in Figure [I3] Suppose
now m > 4. Observe that each colour of the set {1,...,m+1,m+2, m+5,..., 2m+4}
of cardinality 2m + 2 is forbidden on the incidences of P, due to the partial colouring .
Therefore, x5(HDy,2) > 2m +7 = 0(HD,,2) + 3. To colour the incidences of the path
P, we use the three colours m + 3, m + 4 and 2m + 5, and two additional colours 2m + 6
and 2m + 7.




Strong Incidence Colouring of Graphs

17
3 13 15_17 3 _15 17_18 10_9
14 10 16 11 12
9 19
8 3 17
8 2 9 2
16
7 1 15 8 1
9 6 10
17 18
9 10
10 14 11 16
4 711 16 8 4 712 18 17 199

(a)
3 17 19 11 10_20
18 12 13
21
19
10 2\ 3
11
9 1 10
11 s/ 7 20
21
12 18 17
4 713 20 10 11 19
(c)
3 19 21 23 12.11 22 91
20
11
10
12
13
*®
4 714 21 22 11 12 23 21
(d)
3 .21 23 25 24‘12 13_ 923
22 14
25
24
12
12
11 13
13
23
25
14 21
L 3
4 715 24 25 23 13 12 24

(b)
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14 213 14 8
11 10,
7
9
6 2
3
¢
4 T10 7 5 1 6 1
8 5
16
14
9 13
2 712 15 8

Figure 15: Strong incidence colourings of HDs3 and HDy 3.

e We will sequentially colour the path P, according to the value of m mod 5, as
follows.

— m =5k, k > 1 (see Figure [14[a) for the case m = 5).
We use the pattern (2m + 7)(m + 4)(m + 3)(2m + 6)(2m + 5).

— m=>5k+1, k>1 (see Figure[L4b) for the case m = 6).
We use the pattern (2m + 6)(m + 4)(m + 3)(2m + 7)(2m + 5).

— m =5k +2, k> 1 (see Figure[L4|c) for the case m = 7).
We use the pattern (m + 4)(m + 3)(2m + 6)(2m + 7)(2m + 5).

— m =5k +3, k> 1 (see Figure [L4d) for the case m = 8).
We use the pattern (2m + 7)(m + 4)(m + 3)(2m + 6)(2m + 5).

— m=>5k+4, k> 1 (see Figure[L4|e) for the case m = 9).
We use the pattern (2m + 7)(2m + 6)(m + 3)(m + 4)(2m + 5).

e We then set (v, vpmu,) = 2m + 5 if m = 5k + 3, and A (v, v,u,) = 2m + 6
otherwise.

e We finally complete the colouring of HD,,, by assigning the colours 3, 4, 2m +

4, m+5, 2m+3 and m+6 to the incidences (uq, uyus), (ug, uguy), (ug, usw), (ug, ugu), (ug, uivy)
and (ug, usvy, ), respectively.

This concludes the proof. m

Lemma 17 For every integer m > 3,

s _ U<HDm,3)+3 ifm:30rm=4,
X;(HD,,3) = { o0(HD,,3) +2 otherwise.
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5 13 16_9
\
8 2
4
[
314 9 7 1
10 6
11 15
2 712 178
(a)
5 15
19
10
4
318 11 9
12
13
2 714
(c)
5 _16 22 23 13.11 12929
21 14
23
13
11
4
[
3 120 12 10
13
11
12
14 21
®
2 715 22712 11 13 23 22
(d)
5 17 24 13 25.12 14_ 924
23 15
13
25
12
4 12
¢
22 13 11 14
14
24
13
15 22

@
2 716 25 13 24 14 12 25
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Proof. Strong incidence colourings of H D33 and HD, 3 are given in Figure [I5] Suppose
now m > 5. Observe that each colour of the set {1,....,m+1,m+2, m+6,..., 2m+5}
of cardinality 2m + 2 is forbidden on the incidences of P, due to the partial colouring .
Therefore, x{(HD,,3) > 2m +7 = 0(HD,,3) + 2. To colour the incidences of the path
P, we use the four colours m + 3, m +4, m + 5 and 2m + 6, and an additional colour
2m 4.

e We will sequentially colour the incidences of path P, starting from the incidence
(v1,v102), according to the value of m mod 5, as follows.

— m =5k, k > 1 (see Figure [L6|(a) for the case m = 5).

We use the pattern (m +4)(m +5)(m + 3)(2m + 7)(2m + 6).
— m=>5k+1, k> 1 (see Figure[L6|b) for the case m = 6).

We use the pattern (2m + 7)(m + 3)(m + 4)(m + 5)(2m + 6).
— m="5k+2, k> 1 (see Figure[L6|c) for the case m = 7).

We use the pattern (m +4)(m + 3)(2m + 7)(m + 5)(2m + 6).
— m =5k +3, k> 1 (see Figure[L6{d) for the case m = 8).

We use the pattern (2m + 7)(m + 5)(m + 3)(m + 4)(2m + 6).
— m="5k+4, k> 1 (see Figure[L6|e) for the case m = 9).

We use the pattern (m +4)(2m + 7)(m + 3)(m + 5)(2m + 6).

e We then set A(vp, vpu,) = 2m + 6 if m = 5k + 3, and Aoy, vpu,) = 2m + 7
otherwise.

e We finally complete the colouring of H D,,, 3 by assigning the colours 5, 4, 3, 2, 2m+
5, 2m+4, m+6, m+8 and m+7 to the incidences (uy, ujuz), (ug,usuy), (ug, usus),
(us, uzuz), (u1,uiw), (ug,ugu), (us,usu), (ur,uivy) and (ug, usv,,), respectively.

This concludes the proof. m

Lemma 18 For every integer m > 4,

0(HDpa)+3 if m=4,
X;(HDpma) =< o0(HDpa)+1 ifm=3 (mod5),
0(HDy,4) +2  otherwise.

Proof. Strong incidence colourings of HDy4 and HDs 4 are given in Figure [I7 Suppose
now m > 5. Observe that each colour of the set {1,....m+1,m+2 m+7,..., 2m+6}
of cardinality 2m + 2 is forbidden on the incidences of P and the incidence (v,,, vu,),
due to the partial colouring A\. Therefore, x;(HDy,4) > 2m +7 = 0(HD,,4) + 1. It
should be noted that if A(vy,, vmu,) = 2m + 7, then we can colour the path P with the
colours m+ 3, m+4, m+5, m+ 6 and 2m + 7 if and only if m = 3 (mod 5). We will
sequentially colour the incidences of the path P, starting from the incidence (vq, v1vy), as
well as the incidence (v, vty ), according to the value of m mod 5, as follows.
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21
3 _16 15_8 5 _15 17_9
14 11 16 12
4 9 2 8
10 10
5 7 2 3 8
18
6 1 7 17
2 10 4 11
5 7 9
17 17 6 8
11 14 12
3 716 15 15 5 17 187 10
Figure 17: Strong incidence colourings of HD, 4 and HDs 4.
5 _18 5 20 23 14 1312 11293
20 22
2 2
3 10 3 11
9 10
4 13 4 14
6 6
14 15
®
5 716 5 17 23 11 12 13 14 23
(a) (b)

Figure 18: Strong incidence colourings of H D74 and HDg 4.
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22
3 _18 22 11 12_13 3 19 24 12 13'15 14_11
21 15 16 23
2 14 2
4 10 4
10 2\ 3 11
5 11 5
6 1 12 6 10
14 15
3 8f 7 13 3
2 14 2
15 21 20 16
&
4 718 22 12 1110 4 719 24 14 15 13 12 11

(b)

Figure 19: Strong incidence colourings of H D75 and HDgs.

o m # 5k + 3 (see Figure [I§[(a) for the case m = 7).
We use the pattern (m + 4)(m + 3)(m + 5)(m + 6)(2m + 7) for P and we set
AV, U tly) = 2m + 8.

e m =5k +3, k> 1 (see Figure [L§(b) for the case m = 8).
We use the pattern (m + 6)(m + 5)(m + 4)(m + 3)(2m + 7) for P and we set
AV, U ly) = 2m + 7.

We finally colour the remaining incidences of H D, 4 by assigning the colours 5, 2, 3, 4, 6, 5, 2m+

6, 2m+5, m+8, m+7, 2m—+4 and m+9 to the incidences (uy, uyus), (usz, uguy), (ug, usus),
(U37U3U2)7 (U37U3U4)7 (U4,U4U3)7 (Ul,ulu), (U27U2U)7 (U37U3U), (U4,U4U), (U17U1U1) and
(ug, ugvy, ), respectively. This concludes the proof. m

Lemma 19 For every integer m > 5, x{(HD,,5) = 0(HD,,5) + 1.

Proof. By Proposition |15 x{(HD,,5) > 2m+8 = 0(HD,,,5) + 1. To complete the proof,
we give a strong incidence (2m + 8)-colouring by extending A to a colouring of HD,, 5 as

follows.

e We first sequentially colour the incidences of the path P, starting from the incidence
(v1,v1v9), according to the value of m mod 5 as follows.

— m # 5k + 3, k > 1 (see Figure [L9(a) for the case m = 7).

We use the pattern (m +4)(m +5)(m + 6)(m + 7)(m + 3).

— m=>5k+3, k> 1 (see Figure (b

We use the pattern (m + 4)(m +5)(m + 7)(m + 6)(m + 3).

(
)
(

for the case m = 8).
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1213 23 26,12 13 14 1115
18 25 18
5 10 5 12
6 14 6 13
3
3 11 3
2 12 2
4 7 13 4 14
5 10 5 11
22 19 25
o
11 14 23 26 11 14 13 12 15

Figure 20: Strong incidence colourings of H D77 and HDg ;.

e We then sequentially colour the incidences of the path P’, starting from the incidence
(u1, ujuz), using the pattern 32456.

e We finally colour the remaining incidences of HD,, 5 by assigning the colours 2m +
7, m+10, 2m + 8, m+ 12, m+ 8, m + 11, m + 11 and 2m + 8 to the inci-
dences (uy,uiu), (ug, usu), (ug, usw), (w4, ugn), (us, usu) (ug,uivy), (us,usv,,) and
(Um, Uty ), respectively.

This concludes the proof. m
Lemma 20 For every two integers m and n, m >n > 6, x;(HD,,,,) = c(HD,,,,) + 1.

Proof. By Proposition 15| x3(H Dy, ) > 2m +n+ 3 = 0(HD,,,) + 1. To complete the
proof, we give a strong incidence (2m + n + 3)-colouring by extending A to a colouring of
HD,,, as follows (see Figure [20)).

e We first sequentially colour the incidences of the path P, starting from the incidence
(v1,v109), using the pattern (m + 4)(m + 5)(m + 6)(m + 3)(m + 7).

e We then sequentially colour the incidences of the path P’, starting from the incidence
(u, ujus), using the pattern 32456.

e We finally set A(u;,wu) = 2m +n + 3 — i, for every i, i € {1, 2, 4,..., n},
AMug, uzu) = 2m +n + 3, Mup, upvm) = AMug, uivy) = 2m + n and A(vy,, vpty,) =
2m+n+ 3.

This concludes the proof. m

Putting together Lemmas [16], [I7], and 20, we finally get the following theorem.
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Theorem 21 For every two integers m and n, m >n > 3,

( 0(HDyp) +4 ifn=2and m =2,
0(HDy, ) +3 if n=2 and m # 2,
or (n,m) € {(3, 3), (3, 4), (4, 4)},
0(HDpp) +2 ifn=3 and m & {3, 4},
orn=4andm+#4 andm#=3 (mod5),
| 0(HDspn) + 1 otherwise.

Xf(HDm,n) =

6 Discussion

In this paper, we have introduced and studied the strong version of incidence colouring.
We have determined the exact value of — or upper bounds on — the strong incidence
chromatic number of several classes of graphs, namely cycles, wheel graphs, trees, ladder
graphs and some subclasses of Halin graphs. We leave as open problems the following
questions.

1. What is the best possible upper bound on the strong incidence chromatic number
of graphs with bounded maximum degree? In particular, what about graphs with
maximum degree 37

2. What is the best possible upper bound on the strong incidence chromatic number
of Halin graphs?

3. What is the best possible upper bound on the strong incidence chromatic number
of d-degenerated graphs?
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